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WHOLE FUMBEBS. 



INTRODUCTION. 

The following exercises are based upon tbe simple facts, 
that number consists of distinct units, and that those units 
may be grouped in different ways. 
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The Board of Simple Units. 



b INTRODUCTION, 

Board of Simple Units. The foregoing figure represents 
the first board, upon which the relations of simple unity are to 
be demonstrated. The first line, or line of ones, contains ten 
marks, or units, placed in separate compartments, or squares. 
The second line, or line of twos, has two marks, or units, placed 
in each of the ten squares. The third line, or line of threesy 
has three marks or units in each square ; and so on, concluding 
with the tenth line, or line of tens, which has ten marks, or 
units, placed in each square. Thus the whole board is com* 
posed of ten lines and ten columns. The number of any line 
is shown by the numeral at the left hand side of the board> 
while the number of any column is shown by the numeral at 
the top of the board* 

All the exercises are to be recited by the pupils without 
the use of figures, and always in connexion with the appro- 
priate board. The questions are to be solved mentally, and 
those annexed to each exercise are to be given while the atten* 
tion of the pupil is directed to the particular line which they 
are intended to illustrate. In the solution of these questions 
the pupil must be encouraged to pay attention not only to the 
results, but also to the language of demonstration. No new 
step should be taken, until the preceding one has been suffi- 
ciently secured. 

The teacher will constantly direct the observation of the 
pupils to the numbers upon the boards, by means of pointers 
from three to four feet in length. The whole class, or a 
a portion of the class, may recite the exercises simultaneously, 
or each individual in the class may be called upon in rotation 
to repeat the successive steps. 

Commencing with the origin of numbers, the exercises 
proceed, by easy gradations, from the simple to the more 
complex relations of numbers. The sixth and the latter part 
of the fifth exercise on unity, are perhaps exceptions to this 
rule. These exercises, therefore, may be deferred, until the 
first four exercises on fractions shall have been explained* 



FIRST EXERCISE. 



Addition and Svbtraction. 

The Board of Simple Units being placed in front of the 
class, the teacher commences this exercise by requiring the 
pupils to count, in the ordinary way, the marks upon the first 
line, and afterwards in succession the numbers in each of the 
different compartments of the other lines. 

This simple process must be repeated until the children 
thoroughly comprehend the construction of the board, and can 
name the number of marks contained in any square. The 
class may then proceed with the following tables, first reciting 
the column of Addition and then repeating it in connection 
with the column of Subtraction; the teacher being careful 
always to point out the marks corresponding with the numbers 
referred to. Thus, whilst the pupils say << 4 and 3 make 7," the 
teacher, with the left-hand rod, counts off four marks, and then, 
with the other rod, counts off three more. In going over* the 
tables of this exercise for the first time, the marks are to be 
mentioned in connexion with the number, as ibr example, '' 3 
marks and 2 marks make 5 marks." In the following Table 
the first line of squares, or the first and second columns on 
the Board of Units, is to be referred to. 



Addition. 

By Ones. 

1 and 1 are 2 

2 and 1 are 3 

3 and 1 are 4 
And so on. 

. By Twos. 

1 and 2 are 3 

2 and 2 are 4 

3 and 2 are 5 
And so on. 

By Threes. 

1 and 3 are 4 

2 and 3 are 5 

3 and 3 are 6 

4 and 3 are 7 
And so on. 



Subtraction. 

By Ones. 
1 from 2, and 1 remains 
1 from 3, and 2 remain 

1 from 4, and 3 remain 

And so on. 

By Twos. 

2 from 3, and 1 remains 
2 from 4, and 2 remain 

2 from 5, and 3 remain 

And so on. 

By Threes. 

3 from 4, and 1 remains 
3 from 5, and 2 remain 
3 from 6, and 3 remain 
3 from 7, and 4 remain 

And so on. 
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Addition. 

By Fours. 

1 and 4 are 5 

2 and 4 are ff 

3 and 4 are 7 

4 and 4 are 8 
And so on. 



Subtraction. 

By Fours, 
4 from 5, and 1 remains 
4 from 6> and. 2 remain 
4 from 7, and 3 remain 
4 from 8, and 4 remain 
And so on. 



By Fives. 

1 and 5) are 6 

2 and 5 are 7 

3 and 5 are 8; 

And so oo.. 



By- Fires. 

5 from. 6> and 1 remains 

5 from 7, aod 2 remain 

5> from 8, asd 3 remain 

And so on... 



In like manner the tables may be extended to* the addition 
and snbtraetion by sixes, sevens, &c. When the pupils have 
been sufficiently practised in these tables, Idiey may then be 
repeated- in an inverted form ; for example, inverting the form 
of the last line^we shall have, 



5 and 1 are 6 
5 and 2 are 7 
5 and 3 are 8 
And so on. 



1 from 6, and 5 remain 

2 from 7, and 5 remain 

3 from 8, and 5 remain 

And so on. 



These tables are so constructed that every successive addi- 
tion is obtained from the preceding sum by increasing that sum 
by unity ; so that' the pupil remembering, for example, that 3 
and 5 make 8, readily concludes that 3 and 6, or 6 and 3, make 
9. Also in the repetition of the same numbers, if the pupil 
know that 3 fives are 15, he may infer that 4 fives are 15 and 
5 more, that is, 20. 



Addition. 



Of Twos* 
2 and 2 are 4 
4 and 2 are 6 
6 and 2 are 8 
8 and 2 are 10 
And so on. 



Subtraction. 



Second Line. 



Of Twos. 
2 from 4, and 2 remain 
2 from 6> and 4 remain 
2 from 8, and 6 remain 
2 from 10, and 8 remain 
And so on. 
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Addition. 



Of Threes. 

3 and 3 are 6 

6 and 3 are 9 

9 and 3 are 12 

12 and 3 are 15 

And so on. 



Of Fours. 
4 and 4 are 8 
8 and 4 are 12 
12 and 4 are 16 

And so on. 



Subtraction. 

Third Linen 

Of Threes. 
3 from 6, and 3 remain 
3 from 9, and 6 remain 
3 from 12, and 9 remain 

3 from 15, and 12 remain 
And so on. 

Fourth Line. 

Of Fours. 

4 from 8, and 4 remain 
4 from 12, and 8 remain 
4 from 16, and 12 remain 

And so on. 



The other lines are to he gone oyer in a similar manner. 

The teacher now proceeds to show the connection between 
multiplication and addition. 

Repetition of Ones. First Line. 

1 and 1 are twice 1, or 2 

1 and 1 and 1 are 3 times 1, or 3 

1 and 1 and 1 and 1 are four times 1, or 4 

1 and 1 and 1 and 1 and 1 are 5 times I, or 5 

And so on. 

Repetition of Twos. Second Line. 

2 and 2 are twice 2, or 4 

2 and 2 and 2 are 3 times 2, or 6 
2 and 2 and 2 and 2 are 4 times 2, or 8 
2 and 2 and 2 and 2 and 2 are 5 times 2^ pr 10 
And so on. 



Repetition of Threes. Third Line. 

3 and 3 are twice 3, or 6 
3 and 3 and 3 are 3 times 3, or 9 
3 and 3 and 3 and 3 are 4 times 3^ or 12 
3 and 3 and 3 and 3 and 3 are 5 times 3^ or 15 
And so on. 

A 3 
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Repetition of Fours. Fourth Line. 

4 and 4 are twice 4, or 8 
4 and 4 and 4, are 3 times 4, or 12 
4 and 4 and 4 and 4 are 4 times 4, or 16 
4 and 4 and 4 and 4 and 4 are 5 times 4, or 20 
And so on. 

The same process may be performed upon any of the other 
lines. 

As a further exercise in addition, by adding the units con* 
tained in any of the columns, we haye. 



1 and 2 are 3 

2 and 3 are 5 

3 and 4 are 7 

4 and 5 are 9 

And so on. 



3 less by 2 are 1 
5 less by 3 are 2 
7 less by 4 are 3 
9 less by 5 are 4 
And so on. 



Again, let it be required to show the different ways in which 
any number is made up by the addition of two numbers. For 
example : 



1 and 8 are 9 

2 and 7 are 9 

3 and 6 are 9 

4 and 5 are 9 

And so on. 



1 and 10 are 11 

2 and 9 are 11 

3 and 8 are 11 

4 and 7 are 1 1 

5 and 6 are 11 

And so on. 



In like manner we have for subtraction : 

10 less by 1 are 9 

1 1 less by 2 are 9 

12 less by 3 are 9 

13 less by 4 are 9 

* And so on. 

Here, it will be observed, that in order that the sum of 
two numbers may remain the same, we must increase the 
one number by the same quantity that we diminish the other, 
and in like manner, in order that the difference may remain 
the same, we must increase or diminish the two numbers by 
the same quantity. 
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Questions on the First Exercise. 

The following questions will show to the teacher some of 
the various ways in which questions may be put. In order that 
the results of the foregoing exercise may be thoroughly im- 
pressed upon the memory of the pupil, the teacher will find it 
necessary to extend these questions. 

The words, First Line, Second Line, &c., intimate that the 
teacher must point out on what line of squares on the board 
the pupils are to seek for an answer to the question proposed. 

First Line. 

i. How many times must one be repeated to make ten ?.... 
Ans, Ten times. 

ii. One and one and one make what number ?..,.Ans. THree. 

iii. One from three leaves how many?.... ^n«. Two. 

Second Line. 

I. Three twos make what number ?....Ans, Six, because 
two and two make four, and four and two make six. 

ii. Two and six make what number ?....^n«. Eight, be- 
cause six and one make seven, and seven and one make eight. 

iii. A man receives 2 shillings a day as his wages ; how 
many shillings will he receive for 6 days* work ?....Ans, Twelve. 

iv. If John has 2 marbles in one pocket, and 3 in the 
other ; how many has he altogether ?....Ans, Five. 

V. Give the addition of twos as far as twenty. 

Third Line. 

1. Count the squares of glass in the window by threes. 

ii. Show in how many ways 5 marbles may be made up. 

iii. Give the addition of threes as far as twenty-one. 

iv. If 1 article cost three-pence, how much will 5 articles 
cost?....^n*. Fifteen pence. 

Fourth Line. 

i. Give the addition of fours as far as twenty. 

ii. Repeat 4 six times. 

iii. If I have 4 shillings in my pocket, and afterwards pay 
3 shillings away ; how many shillings have I left? .„.Ans, One. 
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fifth Lime. 

i. John had 5 nuts, and gave 2 of them away; how many- 
had he left ?....Ans. Three. 

ii. What must I take from five-pence to leave tbree-^ 
pence ?....2ln«. Two-pence. 

iii. Count the marks on the fifUi line by fires. 



SECOND EXERCISE. 



Multiplication and Division. 

Addition is an operation by which we collect two^ or 
more numbers into one whole. Subtraction is the reverse of 
Addition. The sign of Addition is +> or plus: that of 
Subtraction — , or minus. 

When equal numbers are to be added, we proceed by a 
more compendious method, called Multiplication, as for instance 
4 and 4 and 4, or the number 4 repeated 3 times, equals 12. 
This operation is called the multiplication of 4 by 3, and it is 
symbolically expressed by 3 X 4 = 12. The numbers 4 and 3 
are called the ^ctor* of 12; the number 4 receives the name 
of the multiplicand, 3 that of the multiplier, and 12 that of the 
product, 

To' multiply a number therefore we have to add it as many 
times as there are units in the multiplier. 

The first column of the following table shews the manner 
in which ^< the Multiplication Table'' is formed, and is a recapi- 
tulation of some of the results obtained in the first exercise. 
Thus on the second line, each successive product is obtained by 
adding 2 to the preceding product ; and on the third line, each 
successive product is obtained by adding 3 to the preceding one, 
and so on. In the second column the operation is reversed, that 
is, the units contained in the product are resolved into factors, 
and then one of these factors is said to be contained in the 
product a certain number of times. In the third column, the 
pupil is led to consider the relation of one of these factors to 
the whole product. By these progressive steps, a distinct idea 
is conveyed to the pupil of the meaning of the terms, one-half, 
one-third, one-fourth, &c., considered in relation to units. 

When this exercbe is introduced to the class, the first 
column is to be gone over by itself; and then repeated in c<m- 
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nexion with the second column ; and lastly, the three columns^ 
or the first and third only, may he taken together. 

llie results contained in this exercise are to he given by the 
children on observing the relations pointed out by the teacher 
on the Board of Simple Units. As an illustration, let us take 
the fifth line : When the teacher points to the first square, the 
children say '^ once 5 is 5 ; 5 are contained in 5 once;" then in 
pointing to the second square, the children say, " twice 5 are 
10 ; 5 are contained in 10 twice ; the half of 10 is 5,'' and so on. 
If the children do not immediately give these results, the teacher 
must guide them by such suggestive questions as the following: 

How many fives are here?....2ln*. Two fives. 

What do 2 fives make l^.,Ans. Ten. 

How many fives make up 10 ?..„Ans, Two fives. 

How many times is 5 contained in 10 ?,^.Ans* Twice. 

If ten-pence be equally divided between two boys, what 
part of the ten-pence does each receive ?....2l«*. One-half. 

What is meant by the fifth of 10 ?....PupU. That if 10 be 
separated into five equal parts, then the fifth of 10 is the 
number of units contained in one of these parts : thus on the 
second line, I see that 10 is composed of hve 2's, therefore 2 
is the fifth of 10. 

What then is the fifth of any number ?....Pt^7. The num- 
ber of units contained in one of the five equal parts into which 
the ^ven number is divided. 



First Line. 



lirtt Cohmm* 
Twice 1 are 2 

3 times 1 are 3 

4 times 1 are 4 

5 times 1 are '5 
And 80 on to 

10 times l are 10 



Once 2 is 2 

Twice 2 are 4 

3 times 2 are 6 

4 timet 2 are 8 

5 times 2 are 10 
And so on to 



8€€(md Column. 
1 is contained in 2 twice 
1 is contained in 3 three times 
1 is oontaiaed in 4 four times 
1 is contained in 5 fiye times 
And so on to 

1 is contained in 10 ten times 

Second Line. 

2 are contained in 2 once 
2 are contained in 4 twice 

2 are contained in 6 three times 
2 are oontaiaed in 8 four times 
2 ore oentained in 10 five times 
And so on to 



Third Column. ' 
The half of 2 is 1 
The tiurdof 3isl 
The fourth of 4 is 1 
The fifth of 5 is 1 
And so on to 
The tenth of 10 la 1 



10 times 2 are 20 1 2 are oontained in 20 ten times 



The half of 4 is 2 
The third of 6 is 9 
The fomrth of 8 is 2 
The fifth of 10 is 2 

And so on to 
The t«ath of 20 is 2 
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Third Line. 



Firit Mumn, 
Onoe 3 is 3 

Twloe 3 are 6 

3 timesS are 9 

4 tiines 3 are 12 

5 tiines 3 are 15 
And so on to 

10 times 3 axe 30 



Second (Mumn. 
3 are contained in 3 once 
3 are contained in 6 twice 
3 are contained in 9 three times 
3 are contained in 12 foor times 
3 are contained in 15 fiye times 

And so on to 
3 are contained in 30 ten times 



J%ird Column* 

The half of 6 Is 3 
The third of 9 is 3 
The fourth of 12 is 3 
The fifth of 15 is 3 

And so on to 
The tenth of 30 is 3 



And SO on through the fourth, fifth, sixth, seventh, and eighth 

lines. 



Once 9 is 9 

Twice 9 are 18 

3 times 9 are 27 

4 times 9 are 36 

5 times 9 are 45 
And BO on to 

10 times 9 are 90 



^ Ninth Line. 

9 are contained in 9 once 
9 are contained in 18 twice 
9 are contained in 27 three times 
9 are contained in 36 four times 
9 are contained in 45 five times 

And so on to 
9 are contained in 90 ten times 



The half of 18 is 9 
The third of 27 is 9 
The fourth of 36 is 9 
The fifth of 45 is 9 

And so on to 
The 10th of 90 is 9 



Tenth Line. 



Once 10 Is 10 
Twice 10 are 20 

3 times 10 are 30 

4 times 10 are 40 

5 times 10 are 50 
And so on to 

10 times 10 axe 100 



10 are contained in 10 once 
10 are contained in 20 twice 
10 are contained in 30 three times 
10 are contained in 40 four times 
10 are contained in 50 fire times 

And so on to 
10 are contained in 100 ten times 



The half of 20 is 10 
The third of 30 is 10 
The fourth of 40 is 10 
The fifth of 50 is 10 

And so on to 
The tenth of 100 is 10 



In this table Division is treated as the reverse operation 
of Multiplication ; but since the latter is an extension of the 
rule of Addition, so, in like manner. Division may be regarded 
as an extension of the rule of Subtraction. Thus to divide 
9 by 3, is the same thing as finding the number of times that 
3 may be subtracted from 9 ; first, we say 3 from 9 and 6 
remain, then 3 from 6 and 3 remain, and lastly, 3 from 3 and 
nothing remains ; hence we ascertain that 3 is contained in 9 
three times without any remainder. Again, in the division 
of 7 by 2, we find, that after 3 twos have been taken from 7, 
there is 1 remaining, that is, 2 is contained in 7 three times^ 
and 1 for the remainder. 

It will be useful at this stage of the pupil's progress to 
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show that quantities may be multiplied in any order*. Thus, 

while the teacher points with one rod to the eighth square 

of the sixth line, and with another rod to the sixth square 
of the eighth line, the pupil sees that 

48 are 8 times 6, or 6 times 8. 

Again, on the fourth and sixth lines, 
24 are 6 times 4, or 4 times 6, 

And so on to any other numbers. 

It will also be instructive to perform the addition and 
subtraction of different combinations of numbersf ; for example, 
on the second, third, and fourth lines. 



3 twos and 2 twofl are 5 twos 

4 threes and 3 threes are 7 threes 

6 fours and 2 fours are 7 fours 

7 fives and 3 fives are 10 fires 
4 sixes and S sixes are 6 sixes 

8 nines and 3 nines are 11 nines 



5 twos less by S twos leave 3 twos 

7 threes less by 3 threes leave 4 threes 
7 fours less by 2 fours leave 5 fours 

10 fives less by 3 fives leave 7 fives 

6 sixes less by 2 sixes leave 4 sixes 

11 nines less by 3 nines leave 8 nines 

6ce, 



'* This important principle may be further 
demonstrated by the following method. Let it 
be required to shew that the product of the 
numbers 3, 4, and 6, will be the same in what- 
ever order they may be multiplied, that is, 
that 3X4X6=4X3X6=3X6X4« &c. The 
product of these numbers will be shewn by the 
marks in the accompanying figure, where, in 
each group, 6 is taken 3 times, or 3 is taken 6 
times; and the number in each group is repeated 
four times, making up altogether the number 72. 
Taking, therefore, the lines horizontally, we 
have 6 taken 3X4 times or 12 times ; taking 
them vertically, we have 3 taken 4x6 timed, 
or 3 taken 24 times ; and so on to every possible 
combination. 

+ In this manner it is shewn, that any quantity taken a certain 
number of times, will be the same as the parts of that quantity taken 
the same number of times ; for example 5 X (6+3) »5 X 6 + (6 X 3). 
Again 5 is made up of 3 and 2 ; 7 times 5 therefore will be the same 
as 7 times 3, added to 7 times 2, or 7 X (3+2)=:7 X 3+7 X 2. 
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As a fixrtlier and more complete iUostration oi tkis ugeful 
principle^ we hare— 

On the ninth, eighth, and first lines* 
9 are 8 and 1. 



Twice 8 and twice 1 are twice 9 
3 times 8 and 3 times 1 are 3 times 9 



Twice 9 are twice 8 and twice 1- 
3 times 9 are 3 times 8 and 3 times 1 

4 times 9 are 4 times 8 and 4 times! | 4 times 8 and 4 tioMs 1 aze 4 times 9 

And so on to 5, 6, 7 times 9. 



On the ninth, seventh, and second lines. 
9 are 7 and 2. 

Twifie9avetwlQe7tmdtwicft8 i Twloe7aBdtwio0 9aretwloe9 

3 times 9 are 3 times 7 and 3 times 2 | 3 times 7 and 3 time9 2 are 3 timet 9 

And so on to 4, 5, 6. .. . . .times 9. 

On the ninth, sixth, and third lines. 
9 are 6 and 3. 

Twice 9 are twice 6 and twice a | Twice 6 and twice 9 an twice 9 

3 times 9 are 3 times 6 and 3 times 3 | 3 times 6 and 3 times 3 ace 3 tlm«s 9 

And so on to 4, 5,6.. .. ..times 9. 

On the ninth, fifth, and fourth lines. 
9 are 5 and 4. 

Twice 9 are twice 5 and twice 4 | Twice 5 and twice 4 are twice 9 

3 times 9 are 3 times 5 and 3 times' 4 | 3 times 5 and 3 times 4 are 3 times 9 

And so on to 4, A, 6 times 9. 

We may also operate upon 2, SI, 4> 5, &c. in the same man* 
ner as we have here done upon 9. 

The principle here exhihited» so important in the demon- 
stration of the rule of multiplication according to the decimal 
notation, is beautifully shewn by the unity board. Thus, for "3 
times 9 are 3 times 5 and 3 times 4,'' &c. we have 

On the fifth line lllll lllll lllll that is, 3 times 5 

On the fourth llll llll llll that is, 3 times 4 

Ontheninth lllllllll lllllllll lllllllll „ 3 times 9 



Many of the answers given to the following questions may 
not be such as the pupils would give in the first instance, but 
are intended to show how the teacher should lead them to apply 
the method of reasoning employed in the exercise to the solu* 
tion of any particular question that may be proposed. The 
same observation will be applicable to the questions appended 
to all the subsequent exercises. 
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Questions on the Second Exercise. 

Kratliiie. 

i. How many units are c on tai ae d in 5 l....Ans. Five. 

ii. What is the fifth of 5 l„^Am. One. Because I taken 
five times produces 5*. 

Second line. 

i. Where do jcskjl show the product of five times 2 ?.... 
Ans, The units contamed in the first five squares of the 
second line show that five times 2 are 10. 

ii. What is the fourth of 8 ?.,.,Ans. Two. Because if 8 
be separated into four equal parts, we shall have two units in 
each part. 

iii. What operation nmst be performed upon the number 
2 so as to produce 12 2.,.,Ans. Two must be added to itself 
$! times, that is, multiplied by 6, to produce 12. 

iv. What is meant by dividing 14 by 2 ?..,.Ans. It is 
finding the number of times that 2 must be repeated to make 
up 14. Thus 7 times 2 are 14, therefore 2 is contained in 14 
seven times. 

v. Distribute 8 into as many twos as possible Ans» 

8 = 2 and 2 and 2 and 2, that is, 8 is made up of 4 twos. 

vi. How many twos can you take out of 6 ? 

Third Line. 

i. Knowing that 4 times 3 make 12, how do you find the 
product of 5 times 3 ?...,Ans. By adding 3 to 12, which gives 
15 for 5 times 3. 

ii. Where are 12 units distributed into four equal collec- 
tions of units ?....-4?w. In the first four compartments of the 
third line. 

iii. What is the sixth part of IS?.. ..Ans, 3: because 6 
times 3 are 18 ; and therefore 3 is the sixth of 18. 

iv. Find a common divisor of 9 and 12 Ans, 3 : because 

9 and 12 are both formed upon the line of threes. 

v. What is the common divisor of 15 and 21 ?„..Ans* 3 : 
because 15 are 5 threes, and 21 are 7 threes. 
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vi. Of ^hat numbers is 12 the multiple ?.»»,Ans, 2, 3> 4> 
and 6. 

vii. 9 times 3 are 4 times 3 and how many threes more ? 

Similar questions may be given on any of the other lines. 



From time to time the teacher will introduce terms com- 
monly used in arithmetic, taking care always to explain their 
meaning. Thus in the fourth and sixth questions the terms 
" common divisor" and '* multiple" are introduced ; and it may 
be there explained that a common divisor of two or more 
numbers is a smaller number, which is contained in each of 
them an exact number of times. In like manner it may be 
stated that one number is a '< multiple** of another when the 
former contains the latter two or more times without any 
remainder; thus, 9, 12, and 15, are multiples of 3; while 3 
is a common divisor of 9, 12, and 15. 

The teacher may also gradually introduce questions relating 
to money, weights, and measures, such as the following, giving 
his pupils sufficient instruction in the common tables on those 
subjects to enable them to give the proper solutions. A com- 
plete knowledge of such tables would not be requisite early in 
the course of instruction. 



Questions on Money, Weights, and 

Measures. 

Second Line. 

i. What is the cost of 2 oz. of coffee at 2d, per oz. ?.... 
Ans, 4d. : because twice 2 = 4. 

ii. Divide 6d. equally amongst 3 boys: how much will 
each receive ?.,„Ans. 2d. each : because 2d. repeated 3 times 
produces 6d. 

iii. If 4 lbs. of coffee cost 8;., what is the price of 1 lb.? 
...,Ans. 2s. : because the cost of 1 lb. will be the fourth of the 
cost of 4 lbs., and the fourth of Ss. is 2s, 

Third Line. 

i. What is the cost of 4 oz. of tobacco at Sd. per oz.?.... 
Ans. I2d. : because 4 times 3 are 12. 
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ii. What must I pay'][for half a pound of .sugar at 6e^. per 
lb.? *,..Ans, Sd,: because 6d, divided into two equal parts 
gives 3d, for each. 

iii. How many pints of ale can I get for I5d., when one 
pint costs 3d» ?....Ans. 5 pints : because 3 is contained in 15 
five times. 

Fourth Line. 

i. Divide 20d. equally amongst 5 persons : how much 
will each receive ?..,,Ans, 4d, 

ii. If 3 lbs. of tea cost 12^., what is the price of 1 lb.?.... 
Ans. 4s.: because 1 lb. will cost the third of 12^. which is 4s, 

iii. What is the fifth of 1 '., or 20*. ?....Ans. 4s. : because 
20 separated into 5 equal parts gives 4 units in each part. 



THIRD EXERCISE. 



Division when there is a Bemainder. 

In the foregoing exercise the nature of Division is rendered 
evident by considering it as the reverse of Multiplication. In 
the present exercise the pupil proceeds at once to decompose 
numbers into certain groups of units with remainders ; then 
in the second column he finds the composition of these groups 
with the remainders ; and lastly, in the third column he finds 
the number of times, with a certain remainder, which these 
groups of units are contained in the original number of units. 

In introducing this exercise, the first column is to be gone 
over by itself; then the second and third; and, lastly, all three 
columns are to be recited together. 

As an example of the mode of teaching this exercise, we 
will suppose tlie teacher to be about to show that ** twice 3 and 
2 are 8. ' With the right hand rod, he points off eight units 
on the third line ; then with the left hand rod he shews that 
these units consist of 2 threes and 2 over, or in other words 
that " twice 3 and 2 are 8," and conversely, '< 3 is contained 
in 8 twice with 2 remaining." 

In the course of the exercise the teacher may propose such 
familiar questions as are likely to lead the pupils to reason on 
the results obtained. For example: 

How many twos are here ? (pointing off the seven marks 
on the second \ine.)..,.Ans, Three twos. 
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And what moxe?. .^Ane^ Audt one mortt.. 

Then three twos and one make what number ?„*,An9. Three 
twos and one make 7. 

Then how many twos are contained in, or can be taken out 
of, 7 ?.>,.Ans, 2 are contained in^ 7 three times and 1 remaining. 

Second Line. 

Second Column, Third Column, 

ODoe 2.are'2 g^ a i- tt wrn U teeding^ <moe 

2 are oontabwdlirS, onoe andl xemataxbig 

2araoontfelncdiiL4, tivioe 

2aBeooMtAi]iediii 5, tifieamd 1 nmaitdng 

2 Bfeoontaiaedin 6> 3 times 

gii»QpntwiiMidiay,.8>timtti» 1 wwnnlntwg 

And so on. 



First Column. 
2«rp-oiice2 

3 are once 2 and 1 

4 are twioe 2 
5are^«ioe9«ndl. 

6 act! 3 times 2 

7 are 3 tfanefli28iadx 

And 80 on. 



once 2 and 1 are 3 
twioa2'aiB4 
twiee>2and lar»fi 
3 times Xtam € 
3 times2and Ian»7 
And so on. 



Third Line. 



3 are once 3] 

4 are once 3 and 1 

5 are once 3 and 2 

6 are twice 3 
7aretwice3andl 
Sans twioe 3 and 2 

And soon* 

4 are once 4 

6 are once 4 and 1 
6.areonce4and2 

7 are once 4 and 3 

8 are twioe 4 

• 

9 are twice 4 and 1 

And so on. 



once 3 are 3 
once 3 and 1 axe 4 
once 3 and 2 are B 
twiceS are 6 
twioe 3 and 1 are 7 
twice 3 and 2 are 8 
And so on. 



3 are contained in 3, once 
3 ace oontalned in 4, once and 1 remaining 
3 are contained in 5, once and 2 remaining 
3 arecontained in 6, twice 
3 are contained in 7» twiceandl remaining 
3 are contained in 8» twiceand 2remaining 
Andisoon* 



Fourth Line. 



once 4 are 4 
once 4 and 1 are 5 
onGe4and2are 6 
once 4 and 3 are 7 
twioe4 are 8 
twice 4 and I are 9 
And 80 on. 



4 arecontained in 4, once 
4 are cooitainedin i>» once and 1 remaining 
4 are contained in 6, onoe and 2 remaining 
4 are contained in 7> once and 3 remaining 
4are oontainedin 8, twioe 
4 ace oonteined in 8, twiceand 1 rewAiniflg 
And 80 on* 



In the same way the fitlth, sixth, seventh, eighth^ and ninth lines 
are to be gone through, terminating with the 

Tenth Line.^ 



lOaveoncalO 
1 lateonoe 10 and 1 
12 are onoe 10 and 2 
13aeeoneelOandd 

*• • . .* 
20 are twioe 10 
And 80 on. 



once U) are 10 
onoelOAndlarell 
once 10 and 2 are 12 
onoel0and3«reia 

twice 10 ate 20 
Andaoon. 



10 areoontainedinlOt.once 
lOare oontainedin 11, onoe and IwrniainUig 
10 are contained in 12,oneeand2 remaining 
lOareoontaingd inl3| On oftaad 3 g e niftfciiiig 

... *• .». .*. •♦ 
UTaneoBteinedinao^ twioe' 
Andaoon. 



DIVISION WHEN THERT« IS A REMAINDER. 21 

Questions on the Third Exercise. 

Second Line. 

u What are 4 times 2 and 1 ?...,Ani. Nme. 

ii, Howmany twos tntn youiake out of 11 ?...,Ans. Five 
twos and 1 remaining. 

iii. If II marbles are distributed amonff 5 boys, so that 
eacli boy may have % Jiow many vemam ?..,. Jfn«. One remains. 

Third Line. 

i. Twice 3 and 2 make how many ?....Ans. Eight. 

ii. How many threes are contained in 7?....Ans. Two 
threes and 1 remaining. 

iii. If I divide 10 nuts amongst 3 boys, giving 3 nuts to 
each boy, how many shall I have remaining ?....2lflj. One 
remaining. 

iv. If I have 20 apples, among how many boys can I dis- 
tribute them, supposing I give 3 to each hoy ?.,.,Ans. Among 
6 boys ; and 2 apples remaining. 

Fourth Line, 
i. Three times 4 and 2 are what number ? . . . .Ans. Fourteen. 

ii. How many fours are there contained in 17 ?....Ans, 
Four fours and 1 remaining. 

iii. If 23 loaves be distributed amongst 5 women, how many 
loaves remain, after giving 4 to each woman ?..,.Ans. 3. 

iv. How many boys can be supplied with nuts from a bag 
containing 23 nuts at the rate of 4 to each boy?....-4n^. Five 
boys ; and 3 nuts remaining. 

Similar questions may be given on the fifth, sixth, seventh, 

eighth, and ninth lines. 

"^^ • Tenth Line, 

i. 3 times 10 and 2 are «what number ?....2ln«. Thirty-two. 

iL How manytensare contained in -34 ?....2l9u. Three tens, 
and 4 remaining. 

iii. If 42 apples be distributed amongst 4 boys, how many 
apples remain, after giving 10 to each boy ?....^w*. Two apples. 

iv. If I divide 23 apples between 2 boys, how many 
remain, after giving 10 to each boy ?....;^«. Three remain. 
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Questions on Money, &e. 

Second Line. 

i. What have I remaining out of lld.y after paying for 
5 oz. of coffee, at 2d. per oz,?,.. .Ans. 1 penny; because if 1 oz. 
cost 2d,9 5 oz. will cost 5 times 2d, or 10^.; then 11 are 5 
times 2 and 1 remaining. 

ii. How many pence should I receive in exchange for 7 
half-pence ?....2ln J. 3^.; because 2 is contained in 7 three 
times, and 1 remaining. 

Third Line. 

i. How much have I remaining out of lOd,, after paying 
for 3 oz. of tobacco, at Sd. per oz.?....^n^. 1 penny ; because 
if 1 oz. cost Sd,y 3oz. will cost 3 times 3d, or 9 J.; then 10 
are 3 times 3 and 1 remaining. 

ii. How many feet are contained in 4 yards 2 feet?.... 
Ans, 14 feet. In 1 yard there are 3 feet; '4 times 3 and 2 
are 14. 

iii. How many lemons can I buy for lOc?., supposing each 
lemon to cost Sd, ?.,..Ans. 3 lemons ; and Id. remaining. 

Fourth Line. 

i. How many farthings are there in 4}d.?....Ans, 17; 
because in a penny there are 4 farthings, and 4 times 4 and 
1 are 17. 

ii. In 9 farthings how many pence ?...>Ans. 2id.; because 
4 is contained in 9 twice and 1 remaining. 

iii. How much shall I have left out of 10 J., after paying 
for 2 oz. of tea, at 4d. per oz. ?....Ans. 2d, 

iv. How many fourpenny-pieces are there in 15c?.?.... 
Ans, 3 pieces and hd, remaining. 

Twelfth Line*. 

i. How many shillings are there in I9d, ?.,..Ans. Is. and 
7(3?. remaining ; because 12 is contained in 19, once and 7 
remaining. 



* * In the Table of Simple Unity published to accompany this 
book, the number of lines extends to twelve. 
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ii. 2*. 5d. contain how many pence ?....2lw*. 29 J.; be- 
cause twice 12 and 5 are 29. 

iii. How many pence must I receive for 1*. 9d,?....Ans, 
2ld. 

iv. How many pence have I remaining out of 26rf. after 
buying 2 lbs. of sugar, at 1^. per \h.?.,..Ans, 2d, 



Miscellaneous Questions on Shillings and 

Pounds. 

i. How many shillings are contained in II, 7s,?,*„Ans, 
27s. ; because, once 20 and 7 are 27. 

ii. How many pounds sterling are there in S4s,?....Ans» 
1/. and I4s. remaining; because 20 are contained in 34 once 
and 14 remaining. 

iii. How many shillings are contained in 1/. 14^.?.... 
Ans. 34*. 

iv. How many shillings have I remaining out of 65*. 
after paying 3 workmen 1/. each?....^n*. 5*. remaining. 

V. How many yards of cloth can I buy with 2L 14*., 
supposing each yard to cost 20*.?.... ^n*. 2 yards, and 14*. 
remaining. 



FOURTH EXERCISE. 



Division^ when the Remainder is expressed 
as a part of the Divisor. 

In the first column of this exercise the remainder in Divi- 
sion is expressed as a part of the divisor : thus, when the 
divisor is 4 and the dividend 9, we say, " 9 are twice 4 and 
the fourth of 4." The second column gives the reverse opera- 
tion, " twice 4 and the fourth of 4 are 9." 

The teacher in this exercise proceeds in the following 
manner : Let it be required, for example, to show that " 7 
are twice 3 and the third of 3;'' using the right hand rod, he 
points off seven units on the third line, then with the left hand 
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rod he shows that these units contain 2 threes and one over, or 
that 7 = 2 X 3 -f 1 ; but the unit that is here in excess is the 
third part of 3 ; therefore the pupils say, " 7 are twice 3 tod 
the third of d" and then conversely, before the pointer is 
removed, ^^ twice 3 and the third of 3 are 7." Such questioiis 
as the following may form part of the exercise : 

Teacher, I am going to question yon on the line of fours. 
Here I point to nine marks ; how many fours can you take 
out of 9 ?....PupiL Two fours and 1 remaining. 

Tecwher, What part of four is 1 ?....Pupil, One is the 
fourth of four, so that 9 is made up of 2 fours and the fourth 
of 4. 

Teacher. You now can find out how much twice 4 and the 
fourth of 4 amount to?.. ..Pupil. Ninet because twice 4 are 
8, and the fourth of 4 is 1, therefore 8 and 1 are 9. 



Second Line, or Line of Twos. 



1 is the half of 2 

2 are once 2 

3 are once 2 and the half of 2 

4 are twice 2 

5 are twice 2 and the half of 2 

6 are three times 2, 

7 are three times 2 and the half 

of 2 
10 are five times 2 



The half of 2 is 1 

Once 2 is 2 

Once 2 and the half of 2 are 3 

ml 

Twice 2 are 4 

Twice 2 and the half of 2 are 5 

Three times 2 are 6 

Three times 2 and the half of 2 

are 7 
Five times 2 are 10 



Third Line^ or Line of Threes. 



lis the third of 8 

2 are twice the third of 3 

3 are once 3 

4 are once 3 and the third of 3 

5 are once 3 and twioe the third 

of 3 

6 are twice 3 

7 are twice 3 and the third of 3 

8 are twice 3 and twice the third 

of 3 
30 are It) tunes 3 



The third of 3 is 1 
Twice the third of 3 are 2 
Three times the third of 3 are 3 
Once 3 and the third of 3 are 4 
Once 3 and twice the third of 3 

are 5 
Twioe 3 are 6 

Twioe 3 and the third 3 are 7 
Twice 3 and twice the third of 3 

are 8 
Ten times 3 are 30 
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Fourth Line^ or 

1 is'the' fourth part of 4 
2]]are twice the fourth of 4' 

3 are three times the fourth of 4 

4 are once 4 

5 are once 4 and the fourth of 4 

6 are once 4 and twice the fourth 

of 4 

7 are once 4 and three times the 

fourth of 4 

8 are twice 4 

9 are twice 4 and the fourth of 4 
40 are ten times 4 



Line of Fours^ 

The fourth of 4 is 1 
Twice the fourth of 4 are 2 
Three times the fourth of 4 are 3 
Four times the fourth of 4 are 4 
Once 4 and the fourth of 4 are 5 
Once 4 and twice the fourth of 4 

are 6 
Once 4 and three times the fourth 

of 4 are 7 
Twice 4 are 8 

Twice 4 and the fourth of 4 are 9 
Ten times 4 are 40 



Fifth Line, or Line of Fives. 



1 is the fifth part of 5 

2 are twice the fifth of 5 

3 are three times the fifth of 5 

4 are four times the fifth of 5 

5 iare once 5 

6 are once 5 and the fifth of 5 

7 are once 5 and twice the fifth 

of 5 

8 are once 5 and three times the 

fifth of 5 
50 are ten times 5 



The fifth part of 5 is 1 
Twice the fifth of 5 are 2 
Three times the fifth of 5 are 3 
Four times the fifth of 5 are 4 
Five times the fifth of 5 are 5 
Once 5 and the fifth of 5 are 6 
Once 5 and twice the fifth of 5 

are 7 
Once 5 and three times the fifth 

of 5 are 8 
Ten times 5 are 50 



And so on to the sixth, seventh, eighth, &c., lines. 

This table gives us the reason for the operation in Division, 
when there is a remainder. For example, let it be required to 
divide 42 by 5, or to find how many fives are contained in 42. 
It will be seen, on the fifth line, that 42 contains 8 fives, and 
2 units over, or 8 fives and 2 fifths of 5 ; that is, 5 are con- 
tained in 42, 8|- times. 
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Questions on tte Fourtli Exercise. 

Seeond Line. 

i. How many times are 2 contained in 5 7.,.,Ans, Two 
and a half times : because twice 2 make 4, and the half of 2 
is 1, therefore twice 2 and the half of 2 is the same as 4 
and \y that is, 5. 

ii. What are three and a half times 2?....Ans. 7: because 
three times 2 are 6, and the half of 2 is 1 ; therefore three 
and a half times 2 are 6 and 1, which are 7. 

Third Line. 

i. Divide 10 by 3 Arts, 10 contains 3 times 3, and the 

third of 3 ; that is, three and a third times. 

ii. How many threes are contained in 8 ?....Ans. Twice 

3 and twice the third of 3 are 8. 

iii. What is 4 times 3 and twice the third of 3 ?..,.Ans. 
14 ; because 4 times 3 are 12, and twice the third of 3 are 2 ; 
therefore, 12 and 2 make 14. 

Fourth Line. 

i. How often is 4 contained in 21 l....Ans, Five times 
and one fourth: because 5 times 4 and the fourth of 4 are 21. 

ii. What is 6 times 4 and 3 times the fourth of 4?.... 
Am> 24 and 3 = 27. 

iii. What must I add to 8 times 4 to make up 34?.... 
Ans, 2. Because eight times 4 are 32 ; 32 and 2 are 34. 

iv. If 3 times the fourth of 4 be taken from 5 times 4, 
what remains?.. .^91^. 17: because 5 times 4 are 20, and 3 
times the fourth of 4 are 3 ; 3 from 20 leaves 1 7. 

V. What remains when twice 4 are taken from 4 times 

4 and twice the fourth of 4 ^....Ans, 10. Because twice 4 are 
8 ; 4 times 4 and twice the fourth of 4 are 18 ; therefore, 8 
taken from 18 leaves 10. 

Fifth Line. 

i. What is the amount of twice 5 and 3 times the fifth 
of 5 ?,..../472«. 13: because twice 5 are 10, and 3 times the 
fifth of 5 is 3^ therefore 10 and 3 make 13. 
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ii. How many fives can you take out of 11 ?....^n^. Two 
fives and the fifth of 6y&, 

ui. 4 is what part o{S?..„Am. 1 is the ^th of 5, and 
therefore 4 is 4 times the fifth of 5. 

iv. What are 4 times 5 and twice the fifth of 5?....Ans, 
22 ; because 4 times 5 are 20, and twice the fifth of 5 are 2, 
and 20 and 2 are 22. 

Tenth Lme. 

i. How many tens are there in 23?„,.A7ts. Two tens and 
3 times the tenth of 10. 

H. What are 4 times 10 and 9 times the tenth of 10 ?,... 
An^* 49. 

Second and Third Lines. 

i. In 3 times 2 and the half of 2, how many threes?.,., 
Ans. 2 threes and the third of 3 ; because, on the second line 
we find, that 3 times 2 and the half of 2 are 7 ; and on the 
third line it is shewn that 7 are twice 3 and the third of 3. 

ii. How many threes are there in 4 times 2 and the half 
of 2?....w^7A^. 3 threes. 

iv. Twice 3, and 3 times 3 and the third of 3, contain 
how many twos ?..,.Ans. 8 twos. 

Third and Fourth Lines, 

i. How many fours are contained in 5 times 3, and twice 
the third of 3 ?.,..Ans. 4 fours and the fourth of 4. 

ii. 5 threes and the third of 3 contain how many fours ? 
»,„Ans. 4 fours. 

iii. How many threes can you find in twice 4 and 3 times 
the fourth of 4?,....^^. 3 threes and twice the third of 3. 

Fourth and Fifth Lines. 

i. Twice 4 and twice the fourth of 4 contain how many 
fives?.... ^71^. 2 fives. 

ii. 3 times 5 and twice the fifth of 5 contain how many 
fours ?„..Ans. 4 fours and the fourth of 4. 

iii. How many fives are contained in 4 times 4 and 3 
times the fourth of 4 ?,,,,Ans, 3 fives and 4 times the fifth 
of 6. 

B2 
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Second and Fourth Lines. 

i. 9 times 2 and the half of 2 contain how many fours ?.... 
Ans* 4 fours and 3 times the fourth of 4. 

ii. In 3 times the fourth of 4, how many twos?.... ^n^. 
One 2 and the half of 2. 

Second and Fifth Lines. 

i. 8 times 2 and 4 times the half of 2 contain how many 
fives ?....^n*. 4 fives. 

ii. In 3 times the fifth of 5 and twice 5 how many twos ? 
....Ans, 6 twos and once the half of 2. 

Second and Sixth Lines. 

i. 10 times 2 and 6 times the half of 2 are how many 
sixes ?....^7t;. 4 sixes and twice the sixth of 6. 

ii. In 8 times the sixth of 6 and 3 times the half of 2, 
how many twos ?....Ans. Five twos and once the half of two. 

Similar questions may be proposed on any other two lines. 



FIFTH EXERCISE. 



Ratios. 

In the preceding exercise two numbers are compared, chiefly 
with the view of ascertaining the result of the division of the 
one number by the other : in the present exercise is considered 
the result of such division, or decomposition, as giving the 
relative magnitude, or ratio, of the two numbers. For ex- 
ample, in the course of this exercise it is shown that 9 are 3 
times the half of 6 ; here, then, the ratio of 9 to 6 is 3 times 
the half, that is, 9 is produced by repeating the half of 6 three 
times. 

As the ratio of two numbers is their relative magnitude, or 
the number of times that the one number is contained in the 
other, it follows that this ratio may be given in different forms: 
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thus the comparison of 12 with 8 may he given in the three 
following forms : 

i. 12 are 12 times the eighth of 8. 
ii. 12 are 6 times the fourth of 8. 
iii. 12 are 3 times the half of 8. 

In the first case the ratio is 1 2 times the eighth ; in the 
second 6 times the fourth ; and in the third 3 times the half. 
In the last form the ratio is in its least terms, hecause the num- 
bers eTcpressing it are the smallest that can be used. Hence, it 
will be observed that 12 times the ei«?hth, 6 times the fourth, 
and 3 times the half, mean the same thing, or rather, that they 
indicate operations which produce the same results. 

There are three classes of problems which illustrate the 
nature and use of ratios. These are, 1st. When a number is 
required which is a given part of a given number; 2nd. When 
two numbers are given, to find their ratio ; and 3rd. When a 
given number is a given part of a number required. ITie 
peculiarity of these three forms of ratios will be best under- 
stood by a strict attention to the exercises and questions which 
accompany them. 

Case I. When a number is required which is a 
given part of a given number. 

This case may be illustrated by the following question : 

What number is 3 times the fourth of 12 ?....Ans, 9. 

The teacher calls the attention of the pupils to the first 
four marks or units on the second line, and then with another 
rod points to the two units in the first square of that line ; the 
pupils say " the half of 4 is 2." The teacher then removes the 
latter pointer to the third square, and the pupils say, " 3 limes 
the half of 4 are 3 times 2, or 6." Still keeping the first pointer 
in its place, the teacher places the other on the fourth square, 
when the pupils say " 4 times the half of 4 are 4 times 2, or 8," 
and so on. Questions similar to the following may be put in 
the course of the exercise. 

What do you understand by 4 times the half of 4 ?....Ans. 
That the half of 4, which is 2, is to be taken four times. 

On what line do you find 7 times the third of 12?....-4n*. 
On the fourth line 12 units are distributed in three squares, 
which shows that the third of 12 is 4, and seven squares from 
this line give me 7 times 4, which are 28. 
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I^rst Line. 

The half of 2 is 1. 
Twice tSie baif of 2 are twice 1, or 2. 

3 times the half of 2 are 3 times 1, or 3. 

4 times the half of 2 are 4 times I, or 4. 

And so on to 
10 times the half of 2 are 10 times 1, or 10. 

The third of 3 is 1. 
Twice the third of 3 are twice 1, or 2. 

3 times the third of 3 are 3 times 1, or 3. 

4 times the third of 3, are 4 times 1, or 4. 

And so on to 
10 times the third of 3 are 10 times 1, or 10. 

And so on, until the teacher concludes the line with 

The tenth of 10 is 1. 
Twice the tenth of 10 are twice 1, o« 2. 

5 tiroes the tenth of 10 are 3 times 1, or 3. 

4 times the tenth of 10 are 4 times 1, or 4. 

And so on to 
10 times the tenth of 10 are 10 times 1, or 10. 

Second Line. 

The half of 4 is 2. 

5 times the half of 4 are 3 times 2, or 6. 

4 times the half of 4 are 4 times 2, or 8. 

5 times the half of 4 are 5 times 2, or 10. 

And so on to 
10 times the half of 4 are 10 times 2, or 20. 

The third part of 6 is 2. 
Twice the third of 6 are twice 2, or 4. 

4 times the third of 6 are 4 times % or 6. 

5 times the third of 6 are 5 limes 2, <Nr lOu 

And so on to 
10 times the third of 6 are 10 times 2» or 20* 

The fourth part of 8 is 2. 
Twice the fourth of 8 are twice 2, or 4. 
3. times the fourth of 8 are 3 times 2» or 6. 
5 times the fourth of 8 are 5 times % or 10. 

And so on to 
10 times the fourth of 8 aro 10 times 2^ or 20. 
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The teacher proceeds in thb manner, taking successively 
the fifth of 10, the sixth of 12, the seventh. of 14, the eighth 
of 16> the ninth of IS, conckiding \idth 

The tenth of 20 is 2. 
Twice tlie tenth of 20 are twice 2, or 4. 

3 times the tenth of 20 are 3 times % or 6. 

4 times the tenth of 20 are 4 times 2, or 8. 

5 times the tenth of 20 are 5 times 2, or 10. 

And so on to 

9 times the tenth of 20 are 9 times 2, or 18. 

Third Line* 

The half of 6 is 3« 

3 times the half of 6 are 8 tiroes 3* or 9. 

4 times the half of 6 are 4 tiroes 3^ or 12. 

5 times the half of 6 are 5 times 3, er 15« 

6 tiflies the half of 6 are 6 tiroes 3» or 18« 

And so on to 
10 times the half of 6 are 10 times 3, or 30. 

The third of 9 is 3. 
Twice the third ^ 9 are twice 3, or 6. * 

4 times the third of 9 are 4 timeft 3, or 1 2. 

5 limes the third of 9 are 5 times 3, or 15. 

6 times the third of 9 are 6 times 3^ or 18. 

And so on to 

10 times the third of 9 are ten times 3, or 30. 

And flo oBy concluding with 

The tenth of 30 is 3. 
Twice 1^ tenth of SO are twice 3, or 6. 

3 times the tenth of 30 are 3 times 3, or 9. 

4 times the tenth of 30 are 4 times 3, or 12. 

5 times the tenth of 30 are 5 times 3, or 15. 

And so on to 
9 times the tenth of 30 are 9 times 3^ or 27. 

Fourth Line. 

The half of 8 is 4. 

3 times the half of 8 are 8 times 4, or 12. 

4 times the half of 8 ^e 4 times 4, or 16. 

5 times the half of 8 are 5 times 4, or 20. 

6 times the half of 8 aaie 6 times 4, or 24.. 

And so on to 
10 times the half of 8 aie 10 tiroes 4, or 40.. 



32 FIFTH EXERCISE. . 

The third of 12 is 4. 
Twice tha third of 12 are twice 4, or 8. 

4 times the third of 12 are 4 times 4, or 16. 

5 times the third of 12 are 5 times 4, or 20. 

6 times the third of 12 are 6 times 4, or 24. 

And so on to 
10 times the third of 12 are 10 times 4» or 40. 

Proceeding in this way through the various multiples of 4, 
we conclude with 

The tenth of 40 is 4. 
Twice the tenth of 40 are twiee 4, or 8. 

3 times the tenth of 40 are 3 times 4, or 12. 

4 times the tenth of 40 are 4 times 4, or 16. 

5 times the tenth of 40 are 5 times 4, or 20. 

And so on to 

9 times the tenth of 40 are 9 times 4, or 36. 

And so on to the 5th, 6th, 7th, &c. lines, concluding with 
the 

Tenth Line. 

The half of 20 is 10. 

3 times the half of 20 are 3 times 1 0, or 30. 

4 times the half of 20 are 4 times 10, or 40. 

5 times the half of 20 are 5 times 10, or 50. 

And so on to 
10 times the half of 20 are 10 times 10, or 100. 

Proceeding on this way through the different compartments 
we come to the ninth compartment of this line. 

The ninth of 90 is 10. 
Twice the ninth of 90 are twice 10, or 20. 

3 times the ninth of 90 are 3 times 10, or 30. 

4 times the ninth of 90 are 4 times 10, or 40. 

And so on to 

10 times the ninth of 90 are 10 times 10, or 100. 

The tenth of 100 is 10. 
Twice the tenth of 100 are twice 10 or 20. 

3 times the tenth of 100 are 3 times 10, or 30. 

4 times the tenth of 100 are 4 times 10, or 40. 

And so on to 
9 times the tenth of 100 are 9 times 10, or 90. 
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The teacher may then propose examples relating to various 
lines and squares promiscuously : thus, 

4 times the fifth of 45 are 4 times 9, or 36. 

5 times the seventh of 35 are 5 times 5, or 25. 
3 times the sixth of 24 are 3 times 4, or 12. 
Twice the fifth of 35 are twice 7, or 14. 

&c. &c. 



Questions on Case I. 

First Line. 

i. What is 3 times the half of 2 ?....Ans. 3. 
Proof. The half of 2 is 1, and 3 times the half of 2 are 3 
times 1, or 3. ^ 

ii. What is 5 times the fourth of 4 ?....Ans, 5. 
Proof. The fourth of 4 is 1, and 5 times the fourth of 4 
are 5 times 1, or 5. 

Second Line. 

i. What is 5 times the half of 4 ?....Ans, 10. 
Proof The half of 4 is 2, and 5 times the half of 4 are 5 
times 2, or 10. 

ii. What is 7 times the fifth of 10?.. ,.Ans. 14. 
Proof The fifth of 10 is 2, and 7 times the fifth of 10 
are 7 times 2, or 14. 

Third Line. 

i. What is 5 times the half of 6 ?..,.Ans. 15. 
Proof The half of 6 is 3, and 5 times the half of 6 are 
5 times 3, or 15. 

ii. 3 times the fifth of 15 is whatnumher?....-4/w. 9. 
Proof The fifth of 15 is 3, and 3 time^ the fifth of 15 are 
3 times 3, or 9. 

iii. What is 8 times the sixth of IS?.... Ans. 24. 
Proof The sixth of 18 is 3, and 8 times the sixth of 18 
are 8 times 3^ or 24. 

Fourth Line. 

i. What is 9 times the third of 12 ?....Ans, 36. 

Proof The third of 12 is 4, and 9 times the third of 12 

are 9 times 4, or 36. 

B3 
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ii. What 18 6 times the ninth of 36 ?.... Jut . 24. 
Proof, The ninth of 36 is 4, and 6 times the ninth of 36 
are 6 times 4, or 24. 

iii. 6 times the sixth of 24 is what number 'i.^Ans. 20. 
Proof. The sixth of 24 is 4, and 5 times the sixth of 24 
are 5 times 4, or 20. 

Fifth Line. 

i. What is 4 times the sixth of 30?.... ^n J. 20. 
Proof, The sixth of 30 is 5, and 4 times the sixth of 30 
are 4 times 5, or 20. 

ii. What numher is 8 times the seventh of 35 ?....^n^. 40. 
Proof, The seventh of 35 is 5^ and 8 times the seventh 
of 35 are 8 times 5, or 40. 

iii. 9 times the fifth of 25 is what number ?....^»m. 45. 
Proof The fifth of 25 is 5, and 9 times the fifth of 25 
are 9 times 5, or 45. 

The Lines taken promiscuously, 

i. What number is 7 times the sixth of 12?.....4fw. 14. 
Proof The sixth of 12 is 2, and 7 times the sixth of 12 
are 7 times 2, or 14. 

m 

ii. What is 3 times the fifth of 20?....^nj. 12. 
Proof The fifth of 20 is 4, and 3 times the fifth of 20 
are 3 times 4, or 12. 

iii. 9 times the seventh of 42 is what number ?....^n^. 54. 
Proof The seventh of 42 is 6, and 9 times the seventh 
. of 42 are 9 times 6, or 54. 

iv. ^Vhat number is 8 times the ninth of 63 ?....^9m. 5S. 
Proof The ninth of 63 is 7, and 8 times the ninth of 63 
are 8 times 7» or 5Q, 

V. What is 5 times the tenth of 90?....^n#. 45. 
Proof The tenth of 90 is 9, and 5 times the tenth of 90 
are 5 times 9^ or 45. 
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Questions on Money, Weights, and 

Measures. 

Firat Lme. 

i. What is the amount of 3 Umes the half of 2^ . ? . ..,Aim, Ss. 
Proof, The half of 2s. is Is,, and 3 times the half of 2s» 
are 3 times 1^.^ or 3^. 

ii. What is the amount of 5 times the seventh of 7c?.?.... 
Ans* 5d. 

Proof, The seventh of 7d, is Id., and 5 times the seventh 
of 7d, are 5 times Id., or 5d. 

iii. 5 times the ninth of 9 oz. is what numher of ounces ? 
„^,Ahs. 5 oz. 

"Proof, The ninth of 9 oz. is 1 ox., and 5 times the ninth of 
9 oz. are 5 times 1 oz., or 5 oz. 

iv. If 15 Ihs. cost 1^. Zd,y what is the cost of 7 Ihs. ?.... 
Am, Id. 

Proof, In 1^. Zd, there are 15c?. If 15 Ihs. cost 1^. Zd. 
1 lb. will cost Xd.', and 7 lbs. will cost *ld» 

Second Line. 

i. What is 5 times the half of ^d.l .,.,Am. 10<i« 
Ptwf. The half of Ad. is M.^ and 5 times the half of Ad. 
are 5 times 2c?., or lOcl. 

^ li. What is 7 times the half of 4oz.?....^n^. 14 oz. 

Proof, The half of 4 oz. is 2 oz., and 7 times the halt of 
4 OB. are 7 times 2 os., or 14 oz. 

iii. What is the amount of 9 times the third of 6d.?.„, 
Am. 18i?. 

Proof, The third of Go?, is 2c?., and 9 times the third of 
^9X9 9 times 2{^., or ISc?. 

iv. What is the amount of 9 times the fourth of 8<f.? 
%%%%A.ns. \s. 6d, 

Proof, The fourth of Sd, is 2«?.^ and 9 times the fourth 
of 8c?. are 9 times 2c?., or 18c?. =7 Is, 6d. 

T. If 6 lbs. of coffee cost 12^. what is the price of 8 lbs.? 
tt.Ans. 1 6s. 

Proof If 6 lbs. cost 12^. 1 lb. wiB cost 2*., and 8 lbs. will 
cost 8 times 2s., or 16^. 
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Third Line. 

i. What is 6 times the fifth of 1^. Sd. ?....Ans. Is. Sd, 
Proof, The fifth of l.v. Zd, is 3^., and 6 times the fifth 
of 1«. 3a. are 6 times 3(i?., or \s, 6d, 

ii. If 1 lb. of tea cost Ss. Sd, what is the cost of 6 times 
the thirteenth part of 1 ]h,?....Ans, ISd, 

Proof, The cost of the thirteenth part of 1 lb. must be 
the thirteenth part of 3«. Sd,, or Sd,, and 6 times the thirteenth 
of 3^. Sd,, are 6 times Sd, or 18^. 

iii. If 1 lb. of sugar cost 9d, what is the amount of 4 times 
the third of 1 \h,?....Ans, Is, 

Proof The cost of 1 lb. is 9c?.; the cost of the third of 
1 lb. is the third of 9d,, or Sd., and 4 times the third of 9d. 
are 4 times Sd,, or 1^. 

iv. If 6 lbs. of tobacco cost 1 8;. what is the price of 5 lbs. ? 
,„.Ans. I5s. 

Proof, If 6 lbs. cost 18*. 1 lb. will cost 3*., and 5 lbs. 
will cost 5 times 3*., or 15*. 

V. What is the value of 3 times the seventh of a guinea ? 
,...Ans, 9s, 

Proof, The seventh of a guinea is 3*., and 3 times the 
seventh are 3 times 3*., or 9*. 

vi. What is the amount of 3 times, the fifteenth of 
3*. 9d,?....Ans, 9d, 

Proof, The fifteenth of 3*. 9c?. is 3c?., and 3 times the 
fifteenth of 3*. 9c?. are 3 times 3c?., or 9c?. 

vii. What is the amount of 3 times the sixth of 1*. 6d, ? 
..,.Ans. 9c?. 

Proof, The sixth of 1*. 6d. is 3c?., and 3 times the sixth 
of 1*. Gd, are 3 times 3c?., or 9c?. 

viii. What is the amount of 4 times the fifth of 1*. 3c?.? 
.,..Ans, Is. 

Proof, The fifth of 1*. Sd. is Sd., and 4 times the fifth 
of 1*. 3c?. are 4 times 3c?., or 1*. 

Fourth Line. 

i. Divide 28/. equally amongst 7 persons Ans. Each 

would receive 41, 

Proof. If 7 persons receive 28/. one person would receive 
the seventh part of 28/., or 4/. 
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ii. Divide 32^. between 2 persons, so that one shall have 3 
times the eighth of the money, and the other the remaining 
part Ans, One would receive 12L and the other 20/. 

Proof, The eighth of 32/. is 4/., and 3 times the eighth 
of 32/. are 3 times 4/., or 12/.; then 32/. less by 12/. = 20/. 

The Lines taken promiscuously, 
i. What is the amount of 3 times the fifth of 1«. 8d/.?.... 

Proof, \s, 8d, are 20^., the fifth of 20c?. is 4c?., and 3 
times the fifth of 20d„ or 3 times 4c/., or I2d, = Is, 

ii. How much is 8 times the seventh of 5^. Sd,?,.,.Ans 
6s. 

Proof The seventh of 6Sd, is 9c?., and 8 times the seventh 
of 63c?. are 8 times 9c?., or 72c?. = 6s, 

iii. How many pounds are there in 8 times the seventh 
of 63 oz,?. ...Ans, 4 lbs. 8 oz. 

Proof The seventh of 63 oz. is 9 oz., and 8 times the 
seventh of 63 oz. are 8 times 9 oz., or 72 oz.=:4 lb. 8 oz. 

iv. What is 9 times the third of 3 quarters of a yard ? 
,„.Ans. 2i yds. 

Proof. The third of 3 qrs. is 1 qr.; therefore 9 times 
the third of 3 qrs. is 9 times 1 qr., or 9 qr8.=2^ yds. 

V. What is 7 times the sixth of 3*. 6d, ?....Ans. 4s, Id, 
Proof 3y. 6d, are 42c?. ; the sixth of 42fl?. is 7fl?., and 
7 times the sixth of 42c?. are 7 times 7, or 49c?. =4*. Ic?. 

vi. If 8 oz. of tea cost 2^. 8c?., what is the price of 9 oz. ? 
„.,A!ns, Ss, 

Proof, In 2*. 8c?. there are 32 pence. If 8 oz. cost 32 
pence, 1 oz. will cost 4c?., and 9 oz. will cost 9 times 4, or 36 
pence. 36 pence are 3^. 

vii. What is the value of 10 yards of calico, if 4 yards 
cost l.v. 4d.?....Ans, 3s, 4d. 

Proof In 1^. 4c?. there are 16 pence. If 4 yards cost 16 
pence, 1 yard will cost 4 pence, and 10 yards will cost 10 times 
4, or 40 pence. 40 pence are 3*. 4fl?. 
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Case II. Where two numbers are given^ to find 

their ratio* 

This oaBe may be ilkntrated by tke foUowmg qimtioa : 
What is the ratio between 9 and 12 ? 

The left hand pointer is to be placed on the third square 
of the third line» and the pupils say, "9 ave 3 thnes 3; the 
right hand pointer is then to be placed on the second square, 
and the pupils say» ^* 6 are twice 3, 3 times 3 are 3 times the 
half of twice 3.' The teacher now removes the right hand 
pointer to the fourth square, and the pupils repeat the Aext 
step, " 12 are 4 times 3/' ** 3 times 3 are 8 times the fourtii 
of 4 times 3 ;" and so on, always observing to keep the first 
pointer in its place. When two numbers are to be compared^ 
we seek to discover their lowest ratio, by finding the highest 
number which will divide them both. This number g^ves on 
the unity board the line from which the ratio is to be taken. 
For example, let it be required to exhibit the ratio of 12 to 8. 
On the fourth line, the teacher points with the right hand rod 
to 12 units or marks which the pupil observes are made up of 
3 fours ; then with the left hand rod, he points off 8 units or 
marks, which are made up of 2 fours ; hence, 12 is 3 times the 
half of 8, because the half of 8, which is 4, taken 3 twies pro- 
daoes 12. By this means we obtain the ratio of 12 to 8, in its 
lowest teraia. As another exsmple, let the ratio ef 6 to 9 be 
required. A line is sought for upon the board, where 6 and 
9 are made up of similar groups of units; this is readily found 
to be the third line; then according to the language of the 
exercise we have 

6 are twice 3, 9 are 3 times 3. 
Twice 3 are twice the third of 3 times 3, 
that is, 6 are twice the third of 9. 

In some cases the teacher may find it necessary, at every 
successive ratio, to repeat the decomposition given at the head 
of each table, as in the following example ; 

6 are 3 times 2. 
4 are twice. 2. 3 times 2 are 3 times the half of twice 2. 

6 are 3 times 2, 
8 are 4 times 2. 3 times* 2 are 3 times iStte fourth of 4 times 8. 

6 are 3 times 2. 
10 are 5 times 2. 3 times 2 are 3 times the fifth of 5 times 2. 

It may here be stated, once for all, that whenever two or more 
numbers are made the subject of comparison, the teacher should 
use two pointers ; for by this means, the objects of comparison 
are kept before the eye of the pupil. 
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As a great proportion- of ^e questions which arise in the 
bujsmess of life involre the principle of ratios* tiie preseftt 
exercise should he thoroughly understood. 

First Line« 

1 is the half of twice 1 or 2, 
1 is the third of 3 times 1 or 3. 
1 is the fourth of 4 times 1 or 4. 
1 is the fifth of 5 times 1 or 5. 
1 is the tenth of 10 times 1 or 10. 

2 are twice 1, or twice the third of 3 times 1 or 3. 
2 are twice 1, or twice the fourth of 4 times 1 or 4. 
2 are twice 1, or twice the fifth of 5 times 1 or 5. 
2 are twice 1, or twice the tenth of 10 times 1 or 10. 

3 are 3 times l* or 3 times the half of twice 1 <Hr 2. 
3 are 3 times 1, or 3 times the third of 3 times 1 or 3. 
3 are 3 times 1, or 3 times the fourth of 4 times 1 or 4. 

3 are 3 times 1, or 3 times the tenth of 10 times 1 or 10. 

And so on to the ratios of 4, 5, 6, &c. 

Second Line, or Line of Twos. 

On this line 2 is first compared with the multiples of itself ; 
then 4, 6, 8, &c. are successively compared with all the mul- 
tiples of 2 as far as 10 times 2. 

4 are twice 2. 2 are the half of twice 2 or 4. 

6 are 3 times 2. 2 are the third of 3 times 2 or 6. 

8 are 4 times 2. 2 are the fourth of 4 times 2 or 8. 
And so on. 

4 are twice 2. Twice 2 are twice the half of twice 2. 

6 are 3 times 2. Twice 2 are twice the third of 3 times 2. 
8 are 4 times 2. Twice 2 are twice the fourth of 4 times 2. 
10 are 5 times 2. Twice 2 are twice the fifth of 5 times 2. 
And so on. 

6 are 3 times 2. 
4 are twice 2. 3 times 2 are 3 times the half of twice 2. 
8 are 4 times 2. 3 times 2 are 3 times the fourth of 4 times 2. 
10 are 5 times 2. 3 times 2 are 3 times the fifth of d times 2. 
And so on. 

8 are 4 times 2. 
4 are twice 2. 4 times 2 are 4 times the half of twice 2. 
6 are 3 times 2. 4 times 2 are 4 times the third of 3 times 2. 
8 are 4 times 2. 4 times 2 are 4 times the fourth of 4 times 2. 
10 are 5 times 2. 4 times 2 are 4 timet the fifth of 5 times 2. 
And so on. 



40 FIFTH EXERCISE. 

10 are 5 times 2. 
4 are twice 2. 5 times 2 are 5 times the half of twice 2. 
6 are 3 times 2. 5 times 2 are 5 times the third of 3 times 2. 
8 are 4 times 2. 5 times 2 are 5 times the fourth of 4 times 2. 
10 are 5 times 2. 5 times 2 are 5 times the fifth of 5 times 2. 
And so on. 

The teacher then goes on to compare 6 times 2, 7 times 2, 
8 times 2, &c., with all the multiples of 2. 



Third Line^ or Line of Threes, 

6 are twice 3. 3 are the half of twice 3, or 6. 

9 are 3 times 3. 3 are the third of 3 times 3, or 9. 
12 are 4 times 3. 3 are the fourth of 4 times 3, or 12. 

10 are 5 times 3. 3 are the 5th of 5 times 3, or 15. 

And so on. 

6 are twice 3. Twice 3 are twice the half of twice 3. 
9 are 3 times 3. Twice 3 are twice the third of 3 times 3. 
12 are 4 times 3. Twice 3 are twice the fourth of 4 times 3. 
15 are 5 times 3. Twice 3 are twice the fifth of 5 times 3. 
And so on. 

9 are 3 times 3. 
6 are twice 3. 3 times 3 are 3 times the half of twice 3. 
9 are 3 times 3« 3 times 3 are 3 times the third of 3 times 3. 
12 are 4 times 3. 3 times 3 are 3 times the fourth of 4 times 3. 
15 are 5 times 3. 3 times 3 are 3 times the fiflh of 5 times 3. 
And so on. 

12 are 4 times 3. 
6 are twice 3. 4 times 3 are 4 times the half of twice 3. 
9 are 3 times 3. 4 times 3 are 4 times the third of 3 times 3. 
12 are 4 times 3. 4 times 3 are 4 times the fourth of 4 times 3. 
15 are 5 times 3. 4 times 3 are 4 times the fifth of 5 times 3. 
And so on. 

15 are 5 times 3. 
6 are twice 3. 5 times 3 are 5 times the half of twice 3. 
9 are 3 times 3. 5 times 3 are 5 times the third of 3 times 3. 
12 are 4 times 3. 5 times 3 are 5 times the fourth of 4 times 3. 
15 are 5 times 3. 5 times 3 are 5 times the fifth of 5 times 3. 
And so on. 

The teather then goes on to compare 6 times 3, 7 times 3, 
8 times 3, &c., with all the multiples of 3. 
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Fourth Line^ or Line of Fours. 

8 are twice 4. 4 are the half of twice 4 or 8. 

12 are 3 tiires 4. 4 are the third of 3 times 4 or 12. 
16 are 4 times 4. 4 are the fourth of 4 times 4 or 16. 
20 are 5 times 4. 4 are the fifth of 5 times 4 or 20. 
And so on. 

8 are twice 4, twice 4 are twice the half of twice 4. 

12 are 3 times 4.% twice 4 are twice the half of 3 times 4. 
16 are 4 times 4. twice 4 are twice the fourth of 4 times 4. 
20 are 5 times 4. twice 4 are twice the fifth of 5 times 4. 
And so on. 

12 are 3 times 4. 
8 are twice 4. 3 times 4 are 3 times the half of twice 4. 

12 are 3 times 4. 3 times 4 are 3 times the third of 3 times 4. 
16 are 4 times 4. 3 times 4 are 3 times the fourth of 4 times 4. 
20 are 5 times 4. 3 times 4 are 3 times the fifth of 5 times 4. 
And so on. 

16 are 4 times 4. 
8 are twice 4. 4 times 4 are 4 times the half of twice 4. 

12 are 3 times 4. 4 times 4 are 4 times the third of 3 times 4. 
16 are 4 times 4. 4 times 4 are 4 times the fourth of 4 times 4. 
20 are 5 times 4. 4 times 4 are 4 times the fifth of 5 times 4. 
And so on. 

20 are 5 times 4. 
8 are twice 4. 5 times 4 are 5 times the half of twice 4. 

12 are 3 times 4. 5 times 4 are 5 times the third of 3 times 4. 
16 are 4 times 4. 5 times 4 are 5 times the fourth of 4 times 4. 
20 are 5 times 4. 5 times 4 are 5 times the fifth of 5 times 4. 
And so on. 

The teacher then f^oes on to compare 6 times 4, 7 times 4, 
8 times 4, &c., with all the multiples of 4. 

Fifth Line, or Line of Fives. 

10 are twice 5. 5 are the half of twice 5 or 10. 
15 are 3 times 5. 5 are the third of three times 5 or 15. 
20 are 4 times 5. 5 are the fourth of 4 times 5 or 20. 
And so on. 

10 are twice 5. Twice 5 are twice the half of twice 5. 

15 are 3 times 5. Twice 5 are twice the third of 3 times 5, 
20 are 4 times 5. Twice 5 are twice the fourth of 4 times 5. 
25 are 5 times 5. Twice 5 are twice the fifth of 5 times 5. 
And so on. 
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15 are 3 tknes 5«. 
10 are twice 5.. 3 times 5 are 3 times the half of twice 5. 
15 are 3 times 5. 3 times 5 are 3 times the third of 3 times 5. 
20 are 4 times 5« 3 times 5 are 3 times Uie fourth of 4 times 5. 
25 are 5 times 5. 3 times 5 are 3 times the fifth of 5 times 5. 

20 are 4 times 5. 
10 are twice 5. 4 times 5 are 4 times the half of twice 5. 
15 are 3 times 5. 4 times 5 are 4 times the third of 3 tlmes^. 
80 are 4 times 5. 4 times 5 are 4 times the fourth of 4 times 5. 
25 are 5 times 5. 4 times 5 are 4 times the fifth of 5 times 5. 
And so on. 

And so on to the .comparison of 5 times 5, 6 times 5, 
7 times 5, &c., with all the multiples of 5« 

The form of the exercise being exhibited in these five lines, 
tbe teacher will be enabled to extend the same form to the 
Other lines upon the board. 



Questions on Case 11. 

First Line« 

i. What b the ratio of 9 to 2?....An9. 9 times the half. 
Proof. 9 are 9 times 1, or 9 times the half of twice 1 or 2. 

ii. Compare the numbers 3 and 2 Ans, 3 are 3 times 

the half of 2. 

Proof, 3 are 3 times 1, or 3 times the half of twice 1 or 2. 

Second Line. 

i. What part of It) is 4 ?....Ans. Twice the fiftli. 
Proof, 4 are twice 2, 10 are 5 times 2 ; twice 2 are 
twice the fifth of 5 times 2. 

ii. What part of 14 is S?....Ans, 3 times tihe seventh. 
Proof, 6 are 3 times 2, 14 are 7 times 2; 3 times 2 are 

3 times the seventh of 7 times 2. 

iii. What is the ratio of 18 to 8?....-4n*. 9 times the 
fourth. 

Proof. 18 are 9 times 2, 8 are 4 times* 2 ; 9 times 2 are 
9 times the fourth of 4 times 2. 

Third Line. 

K What part of 18 is 12 ?....^w. 4 times the sixth part. 
Proof 12 are 4 times 3, 18 are 6 times 3 ; 4 times 3 are 

4 times the sixth of 6 times 3. 
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ii. What is the ratio of 21 to 15 ?..,.Ans, 7 times the fifth. 
Proof. 21 are 7 times 3^ 15 are 5 times 3 ; 7 times 3 are 
7 times the fifth of 5 times 3. 

Fourth Line. 

L What part <Kf 90 is 16?...Ahs. 4 times the fifth. 
Proof. 1 6 are 4 times 4, 20 are 5 times 4 ; 4 times 4 are 

4 times the fifth of 5 times 4. 

ii. What part 9f 28 is 20?....^n^. 5 times the seventji* 
Proof. 20 are 5 times 4, 28 are 7 times 4 ; 5 times 4 are 

5 times the seventh of 7 times 4. 

ill. What part of 8 is 12 l....Am. 12 b 3 times the half 
of 8. 

Proof 12 are 3 times 4, 8 are twice 4, aad 3 times 4 are 

3 times the half of twice 4. 

IT. What is the ratio of 16 to 28 7..., Asm. 16 are 4 times 
die seventh of 28. 

Proof. 1 6 are 4 times 4 ; 28 are 7 times 4, and 4 times 

4 are 4 times the seventh of 7 times 4. 

Fifth Line. 

i. Compare 20 with 25 Ans. 20 are 4 times the fifth 

of 25. 

Proof 20 are 4 tim^s 5, 25 are 5 times 5, 4 times 5 are 
4 times the fifth of 5 times 5. 

ii. Compare 15 with 10 Ans. 15 are 3 times the half 

of 10. 

Proof 10 are twice 5, 15 are 3 times 5, 3 times 5 are 3 
times the half of twice 5. 

iii. Compare 35 with ZO,....Ans. 7 times the sixth of 30. 
Proof 35 are 7 times 5, 30 are 6 times 5> 7 times 5 are 

7 times the sixth of 6 times 5. 

iv. Compare 40 with 45.....uln«. 40 are 8 times the ninth 
of 45. 

Pro<^. 40 are 8 times 5, 45 are 9 times 5, 8 times 5 are 

8 times the ninth of 9 times 5. 

T. Compare 30 with 45 Ans. 30 are 6 times the ninth 

of 45. 

Proof 30 are 6 times 5, 45 are 9 times 5^ 6 times 5 are 
6 times the ninth of 9 times 5. 
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Questions on Money, Weights, and 

Measures. 

Hitherto the weights and measures, made use of in the 
questions, have been of the most simple kind ; but upon pro- 
posing the following questions, the teacher will find it necessary 
to instruct his pupils in the more common and useful tables- 
It is assumed that the teacher has varied the foregoing 
exercises, by teaching the pupils those rules and operations of 
common arithmetic, which may be based upon the principles 
developed in them. At the same time it must be distinctly 
understood, that the operations contained in these exercises 
are always intended to precede the corresponding calculations 
conducted by the use of figures. 

In proposing questions which contain three or more quan- 
tities, the teacher may write down the quantities upon the 
black board, while the pupils proceed to work out the result 
mentally as usual. It may be advisable to defer the mor^ 
difficult questions, particularly those of a miscellaneous kind» 
until the pupils have made some further progress as well in 
the Exercises on Fractions, as in the remaining parts of the 
present chapter. 

First Line. 

1. How many times 8d, are 9d, ?.,..Ans, 9d. are 9 times 
the eighth of 8c?. 

Proof, 9 are 9 times 1, or 9 times the eighth of 8 times 1. 

ii. How many times 9d, is lid. ?.,.,Ans^ lid, are 1 1 times 
the ninth of 9d. 

Proof. 11 are 11 times 1, or 11 times the ninth of 9 
times 1. 

ill. If 7 articles cost Is, 9d., what will be the cost of 5 at 
the same rate ?....Ans, 5 times the seventh of ls.9d. or ls,Sd» 

Proof 5 are 5 times the seventh of 7, the cost of 7 is 21rf., 
therefore, the cost of 5 will be 5 times the seventh of the cost 
of 7 articles, which is Is. Sd, 

Second Line. 

i. If 6 articles cost 9d,y what will 10 cost?....^n^. I5d* 
Proof 10 are 5 tiroes 2, 6 are 3 times 2, 5 times 2 are 
5 times the third of 3 times 2. The cost of 6 articles is 9d. ; 
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therefore the cost oF 10, which are 5 times the third of 6, will 
be 5 times the third of 9d. or I5d. 

ii. 8 articles cost 1^., required the value of 14 articles at 
the same rate Ans, Is, 9d, 

Proof, 14 are 7 times 2, 8 are 4 times 2, 7 times 2 are 
7 times the fourth of 4 times 2, The cost of 8 articles is 1*,, 
therefore the cost of 14 articles, which are 7 times the fourth 
of 8, will he 7 times the fourth of U., or 21c?. = Ij. 9d, 

iii. If 10 articles cost Is, Sd,t what will 12 articles cost? 
.,,,Ans, 6 times the fifth of 1*. Sd, or Is, 6d, 

Proof, 12 are 6 times 2, 10 are 5 times 2, 6 times 2 are 
6 times the fifth of 5 times 2; therefore if 10 articles cost 
1*. 3c?., 12 articles, which are 6 times the fifth of 10, will cost 
6 times the fiilh of Is, Sd, or 18c?. = 1^. 6d, 

Third Line. 

i. If 9 pints of ale cost 2s, 3c?., what is the worth of 12 
quarts ?....Ans, 8 times the third of 2s, 3c?. or 6s, 

Proof, 12 quarts are 24 pints, 24 are 8 times 3, 9 are 3 
times 3, 8 times 3 are 8 times the third of 3 times 3, there- 
fore if the cost of 9 pints he 2^. 3c?., the cost of 24 [)int8, 
which are 8 times the third of 9 pints, will be 8 times the third 
of 2^. 3c?. or 6s. 

ii. How much will 15 articles cost, if the price of 12 be 
2*. 8c?. ?....Ans. 5 times the fourth of 2*. 8c?. or 3s, 4d, 

Proof, 15 are 5 times 3, 12 are 4 times 3, 5 times 3 are 5 
times the fourth of 4 times 3; therefore the cost of 15 articles^ 
which are 5 times the fourth of 12 articles, will be 5 times the 
fourth of 2s, 8c?. or 3;. 4c?. 

iii. What part of a shilling is 9c?.?....^n«. 3 times the 
fourth. 

Proof In a shilling there are 12 pence; 9 are 3 times 
3, 12 are 4 times 3, 3 tjmes 3 are 3 times the fourth of 4 
times 3. 

iv. 6s, are what part of a guinea ?....^n^. Twice the 
seventh . 

Proof, 6 are twice 3, 21 are 7 times 3, twice 3 are twice 
the seventh of 7 times 3. 

V. A man earns 26*. per week of 6 days, what are his 
wages for 9 days "^....Ans, II, 19s, 

Proof 9 are 3 times the half of 6 ; therefore the wages 
for 9 days will be 3 times the half of 26*., that is, 39*. 
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vt. The grofls load of a borae is 60001l».> the weiglit ^f 

the waggon is 2000 lbs., what part of the gross load is ihe 
-weight of the material ?..„An8. Twice the third. 

Proof, The net load is 4000 lbs. ; 4 are twice the third 
of 6; therefore 4000 is twice the third of 6000. 

Fourth Line. 

i. If 16 articles be worth 3«. 4d.y what is the valne c^ 20 
articles ?..„Ani. 20 will cost 5 times the fourth of 3^. 4d. or 
4$. 2d. 

Proof, 20 are 5 times 4, 16 are 4 times 4, 5 times 4 are 
5 times the fourth of 4 times 4; therefore if the cost of 16 be 
3*. 4rf., the cost of 20, which are 5 times the fourth of 16, will 
be 5 times the fourth of Zs. 4d, or 4; . 2d, 

ii. What part of a pound is ^s*? .^.Ans, Twice the fifth. 
Proof 8 are twice 4, 20 are 5 times 4, twice 4 are twice 
the fifth of 5 times 4. 

iii. If a barrel of beer cost 3?. 12jr., what will 16 gallons 
cost?....^»*. 4 times the ninth of 3/. 12^. or 1/. 12.t, 

Procf, In a barrel there are 36 gallons, 1 6 are 4 times 4, 
36 are 9 times 4, 4 times 4 are 4 times the ninth of 9 times 4, 
therefore, if the cost of 36 gallons be 3/. 12#., the cost of 16, 
which are 4 times the ninth of 36 gallons, will be 4 times the 
ninth of 3/. 12^. or 1^. 12^. 

Fifth Line. 

1. If the cost of 15 articles amount to 2«., what is the 
valup of 40 articles f....Ans, 8 times the third of 2*. or 5*. 4d^ 

Proof 40 are 8 times 5, 15 are 3 times 5, 8 times 5 are 
8 times the third of 3 limes 5 ; therefore, if the cost of 15 
articles be 2^., the cost of 40, which are 8 times the third of 
1 5 articles, will be 8 times the third of 2^. or bs, 4d, 

ii. What is the cost of 3 gallons 1 pint, if the cost of 1 
gallon 2 pints be 29. Qd,^....Ans. 5 times the half of 2», Sd> 
or 6s. Sd. 

Proof 3 gallonf^ 1 pint are 25 pints, 1 gallon and 2 pints 
are 10 pints, 25 are 5 times 5, 10 are twice 5, 5 times 5 are 5 
times the half of twice 5; therefore if the cost of 10 pints be 
2s, 6d., the cost of 25 pints, which are 5 times the half of 10, 
wiU be 5 times the half of 2s, 6d, or 6s, Sd, 

iii. If 4 cwt. 3 stones of potatoes cost 1 4s> 7d^ what wiU 
15 atones cost ?....^9ia. 3 times the sevtaith of 14^. 7</. or 
6s. Zd. 
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Proof, 4 cwt. 3 stones are 35 stones ; 15 are 3 times 5, 
35 are 7 times 5, 3 limes 5 are 3 times ^e se^ranth of 7 
times 5 ; therefore if the cost of 85 stones be \As, Id.y the 
cost of 15 stones, which are 3 times the seventh of 35 stonesi 
will be 3 times the seventh of 14«. Id, or 6j. Zd, 

iv. 3 lbs. 7 oz. of tea cost 14^. ^d^ what will 1 lb. 9 oz. 
cost ?....^fi^. 5 times the eleventh of Hjt. 8c?. or 6jr. Bd, 

Proof. 3 lb. 7 OS. are eqnal to 55 oz. ; 1 lb. 9 oz. are equal 
to 25 oz. ; then 25 are 5 times 5, 55 are 1 1 times 5, 5 times 5 
are 5 times the eleventh of 1 1 times 5 ; therefore if 55 oz. cost 
14f . 8<^., 25, which are 5 times the eleventh of 55^ will cost 5 
times the eleventh of 14j. ^d. or 6^. 8<f. 

V. What cost 3 yds. 3qrs. of cloth at 21, 10*. for 2 yds. 

2 qrs. ?.,..Ans, 3 times the half of 21. I0«. or 3/. 15*. 

Proof. 3 yds. 3 qrs. are equal to 15 qrs., 2 yds. 2 qrs. are 
equal to 10 qrs., 15 are 3 times 5, 10 are twice 5, 3 times 5 
are 3 times the half of twice 5; therefore 15, which are 3 times 
the half of 10, wHl cost 3 times the half of 2L 10*. or 3Z. 15*. 

vL 10 oz. are what part of 2 lbs. 3 oz. ?...^n*. Twice 
the seventh. 

Proof. 2 lbs. 3 oz. contain 35 oz.; 10 are twice 5, 35 are 
7 times 5, twice 5 are twice the seventh of 7 times 5. 

Tii. 15*. are what part of a pound ?....^?i*. 3 times the 
fourth. 

Proof. 15 are 3 times 5, 20 are 4 times 5, 3 times 5 are 

3 times the fourth of 4 times 5. 

viii. If a man earn SI. in 15 days, what will he earn in 
25 days at the same rate?....^n*. 51. 

Proof. 25 are 5 times 5, 15 are 3 times 5, 5 times 5 are 
5 times the third of 3 times 5 ; then as 25 days are 5 times 
the third of 15 days, in 25 days the man will earn 5 times 
the third of 3^., that is, 51. 

ix. If 10 masons can build 22 yards of walling in 1 day, 
how many yards will 25 masons build in the same time? 
»,»,Ans. 55 yards. 

Proof- 25 are 5 times the half of 10; therefore the num- 
ber of yards built by 25 men will be 5 times the half of 22, 
that is, 55 yards. 
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Case IIL When a given number is a given part 

of a number required. 

Ex. Of what number is 6 three times the fifth ?.„.Ans. 10. 

Questions of this kind may be readily solved by a slight 
variation of the preceding exercise. A few examples will 
render this apparent. Taking the above example we have 
'* 6 are 3 times 2, 3 times 2 are 3 times the fifth of 5 times 
2 or 10." Thus the first step consists in finding what num- 
ber taken 3 times will produce 6 ; this number must be 2; but 
the number thus found is the fifth of the required one, and 
hence the number sought must be 5 times 2 or 10. 

In going over this process, the teacher first points to the 6 
marks upon the line of twos, which will show of what number 
6 is 3 times ; with another pointer he shows of what number 2 
is the fifth part ; so that when the first pointer is placed on the 
third square, the pupils say "6 are 3 times 2;" when the 
second pointer is put on the fiftli square, then the pupils 
say, '3 times 2 are 3 times the fifth of 5 times 2, or 10.'* 

The questions belonging to this Case being peculiar in 
their form, the teacher may find it necessary to break them 
up in the manner of which the following is an instance : — Let 
it be required to show of what number 8 are 4 times the 
third part. 

Teacher. (Placing his pointer upon the fourth square 
of the second line.) In giving the proof of this question, why 
do I place my pointer upon the fourth square ? 

Pupils. Because we have first to find what number of units 
multiplied by 4 produces 8, which we there find to be 2. 

Teacher. Upon what square must I now place my pointer, 
in order to show of what number these two units are the 
third ? 

Pupils. Upon the third square, which shows that 2 are 
the third of 6. 

Teacher, Then 8 are 4 times 
Pupils. Two. 

Teacher. And 8 are 4 times the third of what number ? 
Pupils. Six. 
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Questions on Case IIL 

First Line. 

i. 3 are 3 times the seventh of what number ?..,.Ans, 7. 
Proof. 3 are 3 times 1, 3 times 1 are 3 times the seventh 
of 7 times 1, or 7. 

ii. 5 are 5 times the eighth of what number ?....Ans. 8. 
Proof, 5 are 5 times 1, 5 times 1 are 5 times the eighth 
of 8 times I or 8. 

Second Line. 

i. 6 are 3 times the fifth of what number ?....Ans. 10. 
Proof, 6 are 3 times 2, 3 times 2 are 3 times the fifth 
of 5 times 2 or 10. 

ii. 10 are 5 times the eighth of what number ?....Ans, 16. 
Proof, 10 are 5 times 2, 5 times 2 are 5 times the eighth 
of 8 times 2 or 16. 

iii. 12 are 6 times the seventh of what number ?.,..Ans, 14. 
Proof. 12 are 6 times 2, 6 times 2 are 6 times the seventh 
of 7 times 2 or 14. 

'Hiird Lin«. 

i. 6 are twice the third of what number ?....^wj. 9. 
Proof 6 are twice 3, twice 3 are twice the third of 3 times 
3 or 9. 

ii. 15 are 5 times the ninth of what number ?....^n*. 27. 
Proof, 15 are 5 times 8, 5 times 3 are 5 times the ninth of 
9 times 3 or 27. 

iii . 18 are 6 times the fourth of what number ? . . . . Ans, 1 2 . 
Proof 18 are 6 times 3, 6 times 3 are 6 times the fourth 
of 4 times 3 or 12. 

Fourth Line. 

i. 16 are 4 times the seventh of what number ?..,.Ans, 28. 
Proof, 16 are 4 times 4, 4 times 4 are 4 times the seventh 
of 7 times 4 or 28. 

ii. 32 are Sthnes the fifth of what number ?....Ans, 20. 
Proof, 32 are 8 tinaes 4, 8 times 4 are 8 times the fifth of 
5 times 4 or 20. 

iii. 12 are 3 times the ninth of what number ^,.,.Aiis. 36. 
Proof, 1 2 are 3 times 4, 3 times 4 are 3 times the ninth 
of 9 times 4 or 36. 

c 
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Fifth Line, 

1. 10 are twice the fifth of what number ?....An.9. 25- 
Proof, 10 are twice 5, twice 5 are twice the fifth of 5 
times 5 or 25. 

ii. 15 are 3 times the eighth of what number ?....Ans. 40. 
Proof, 15 are 3 times 5, 3 times 5 are 3 times the eighth 
of 8 times 5 or 40, 

iii. 45 are 9 times the fourth of what number ?....^nj. 20. 
Proof, 45 are 9 times 5, 9 times 5 are 9 times the fourth 
of 4 times 5 or 20. 

Sixth Line. 

i. 42 are 7 times the third of what number ?....Ans, 18, 
Proof, 42 are 7 tftnes C, 7 times 6 are 7 times the third of 
3 times 6 or 18. 

ii. 54 are 9 times the fifth of what number ?....Ans, 30. 
Proof 54 are 9 times 6, 9 times 6 are 9 times the fifth of 
5 times 6 or 30. 

iii. 24 are 4 t^mes the seventh of what number ?....^»«. 
42. 

Proof 24 are 4. times G> 4 times 6 are 4 times the seventh 
of 7 times 6 or 42. 



Questions on Money, Weights, and 

Measures. 

First Line. 

i. 7rf. are 7 times the third of what sum ?....Ans, Sd, 
P^oof Id, are 7 times Ic?., 7 times Irf. are 7 times the 
third of 3 times \d, or Zd, 

ii. 8^. are 8 times the fifth of how many shillings ?....^i2«. 
5#, 

Proof 8*. are 8 times 1*., 8 times 1*. are 8 times the fifth 
of 5 times 1^. or 5^. 

iii. If the length of 4 times the fifth of a piece of timber 
be 4 feet, what is the length of the whole ?....Ans, 5 feet. 

Proof 4 are 4 times 1, or 4 times the fifth of 5 times 1 
or5. 
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Second Line. 

i. 1 lb. 2 oz. are 9 times the sixth of how many oz.?.... 
Ans* 1 2 oz. 

Proof. In 1 lb. 2 oz. there are 18 oz.; 18 oz. are 9 times 
2 oz., 9 times 2 oz. are 9 times the sixth of 6 times 2 oz. or 
12 oz. 

ii. 80?. are 4 times the tenth of what sam?....2ln;. \s. %d. 
Proof, Sd, are 4 times 2d., 4 times 2d, are 4 times the 
tenth of 10 times 2d. or 20d.; 20 pence are Is. M, 

iii. If 3 times the fourth of a lb. of sugar cost 6d., what 
is the price per lb. ?....Ans, 8d, 

Proof. 6 are 3 times 2, 3 times 2 are 3 times the fourth of 
4 times 2 or 8. Or thus, if 3 quarters cost 6d., oue quarter 
will cost the third of 6d. or 2d, ; and therefore 4 quarters or 
1 lb. will cost 4 times 2d. or Sdm 

Third Line. 

i. 1*. 9d, are 7 times the ninth of what sum ?..„Ans, 
2s. Sd. 

Proof, In 1*. 9c?. there are 21 pence, 21 pence are 7 times 
Sd.y 7 times Zd. are 7 times the ninth of 9 times 3d, or 27 
pence, 27 pence are 2s, 3d. 

ii. 2^ yards are 3 times the seventh of how many yards ? 
„.,Ans, 5^ yards. 

Proof. In 2} yards there are 9 quarters, 9 quarters are 3 
times 3 quarters, 3 times 3 quarters are 3 times the seventh 
of 7 times 3 quarters or 21 quarters, and 21 quarters are 5 
yards and 1 quarter. 

iii. A post is 6 feet in the earth, and this part is twice the 
fifth of the whole length ; required the height above the 
ground Ans. 9 feet. 

Proof 6 are twice 3, twice 3 are twice the fifth of 5 times 
3 or 15 ; therefore 15 feet being the whole length, the height 
above the ground is 15 — 6 = 9 feet. 

Fourth Line. 

i. \s,Ad. are 4 times the tenth of what sum ?....iliM. 
3*. Ad. 

Proof, In l.». 4rf. there are 16 pence, 16<^. are 4 times 
4(^., 4 times Ad. are 4 times the tenth of 10 times Ad. or 40 
Dence. AQd. are 3^. Ad. 

c 2 
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ii. 2 lb. 4 oz. are 9 times tbe sixth of what quantity? 
,,..Ans. 1 lb. 8 oz. 

Proof, 2 lb. 4 oz. are 36 oz., 36 oz. are 9 times 4 oz., 9 
times 4 oz. are 9 times the sixth of 6 times 4 oz. or 24 oz., 
24 oz. = lib. 8 oz. 

Fifth Line. 

i. 2s, lid. are 7 times tiie ninth of what swn ?^.Ans, 
9s. 9d. 

Proof. In 2#. lleL there are 35 pence, 35 are 7 times 5, 
7 times 5 are 7 times the ninth of 9 times 5 or 45; Ahd, 
are 3«. 9c?. 

ii. 1/. 10«. is 6 times the fifth of what snm 'i.,.,Ans. II, 5s. 

Proof, In IL lOs, there are 30«., dOs. are 6 times 5^., 6 
times 59« are 6 times the fifth of 5 times 5 or 25^.9 25^. are 
lL5s» 

Sixth Line. 

i. 4 yards and 2 quarters are 3 times the seventh of how 
many yards ?..,.Ans, 10 yards 2 qrs. 

Proof, In 4 yards 2 quarters there are 18 quarters, 18 
quarters are 3 times 6 quarters, 3 times 6 quarters are 8 times 
the seventh of 7 times 6 quarters or 42 quarters, 42 quarters 
are 10 yards and 2 quarters. 

ii. H. 16*. are 6 times the tenth of what sum ?....Ans, 3/. 

Proof In II. 16*. there are 36#., 36*. are 6 tiroes 6*., 6 
times 6*. are 6 times the tenth of 10 times 6*. or 60*., 60*. 
are 3^. 



Miscellaneous Questions on the Fifth 

Exercise. 

The answers to the following questions contain the proof 
of many of the common rules of mental arithmetic. 

i. How many dozens are contained in 30 ^....Ans. 2 
dozens and the half of a dozen. 

Proof 30 are twice 12 and the half of 12. 

ii. 32*. contain how many pounds ?....-4»*. One pound 
and 3 times the fifth of a pound. 

Proof, 32 contain 20, once and 12 remaining, 12 are 3 
times the fifth of 20, therefore 32 are once 20 and 3 times 
the fiftli of 20. 
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iii. 65^. are how many shillings ?»^*^»a, 5r. and 5 times 
the twelfth of a shilling. 

iy. How many cwt. are there in 10 qrs.?....-4n*. 2 cwt. 
and a half. 

Proof, 10 are twice 4 and the half of 4. 

V. How many dozens are there in 39 ?....^«. 3 dozens 
and a fourth. 

Proof, 39 are 3 times 12 and the fourth of 12. 

vi. If 4 men can huild a wall in 5 days, how long would 
2 men be in building it?....^72^. 10 days. 

Proof 2 is the half of 4, therefore 2 men will take twice 
the tim« which 4 men take; and twice 5 are 10. 

vii. How long would 10 men retjuire to perform the woric 
in the last example ?.,..Ans, 2 dajrs. 

Proof 4x5 give 20 days' work ; 10 men do 10 days* 
work in one day, and therefore they require 2 days to complete 
20 days* work. 

viii. What is the price of 12 articles at 8c?. each?,... 

Proof \2dXld. each are \2d. or \$^ and 12 at M, are 
8 times \2d. or 8«. 

ix. What is the price of 24 articles at 1«. 2d. each'?....2l^Mw 

Proof Is. 2d.='\Ad, ; 24 at \d, are 2^^ and at 14c?. each, 
are 14 times 2^., or \L 8s. 

X. What is the price of 36 articles at 2*. 4d. each ?.„, 
Ans* 41, 4s. 

Proof. 2s. 4d. are 28c?.; the cost of 12 articles at Id. 
each is 1^., therefore the cost of 12 at 28d. each, will be 28^., 
and' the cost of 36, which is 3 times 12, will be 3 times 28d!.y 
or 41. 4s* 

xi. Find the price of 48 articles at 1*. 9d. each* .,,tAnr, 
41. 4s. 

xii. What is the price of 24 lbs. at 2s. 8d, per lb. ?..„Ans. 
31. 4s. 

%m. What iff the price of 60 articles at 5d. each ?.,.,Ans. 
II. 5s. 

xiv. Find the price of 72 oz. at 4d. per oz Ans. IL 49. 

XT. What is the amount of 42 lbs. of sugar at 8d. per lb. ? 

.^ttAHM. lI. oS. 

Proof, 1 dozen at 8c?. each, amounts to 8^., and 42, which 
is 3^ dozen, will be 3 times 8^. and i of 8^., or 28^. = 1?.^. 
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xvi. At 1#. 4d. per lb., what cost 88 lbs.?....-^n*. 
21. 10*. Sd. 

Proof. 1*. 4c?. are 16e^.; 38 are 3 dozen and 2; 3 dozen 
amount to 3 X 16, or 48*.; and 2 lbs. cost twice 1*. 4d,, or 
2«. 8d.; 48*. and 2*. Sd. make 2/. 10*. 8d. 

xvii. 72^ at Sd An$. 21. 8*. 4d. 

Proof. 72 are 6 dozens. The cost of 1 dozen at 8c?. is 
8*., therefore the cost of 6 dozens will be 6 times the cost of 
1, or 6 times 8*.= 48*. If one dozen cost Sd.y one half dozen 
will cost Ad. The amount of 72 J will therefore be 48*. 4d,y 
or 21. 8*. 4d. 

xviii. What is the amount of 48j lbs. of coffee at 2*. 4rf. 
per lb.?....^n*. 5/. 13*. 9</. 

Proof. The cost of 48, or 4 dozen, is 51. 12*.; and 3 times 
the fourth of 2*. Ad. are 3 times 7c?., or 21d'. c= 1*. 9rf., which 
added to 5/. 12*., gives bl. 13*. 9c?. 

xix. At 3c?. per lb., how much per cwt.?....^77*. 1?. 8*. 
Proof At Ic?. per lb., a cwt. will cost 1 1 2c?., or 9*. 4c?.; and 
therefore Zd. per lb. will amount to 3 times 9*. 4c?., or 1/. 8*. 

XX. At 3ff?. per lb., how much per cwt.?....i4w*. I?. 15^. 

Proof. At 3c?. per lb., a cwt. amounts to 1/. 8*.; and as 
Ic?. per lb. amounts to 112c?. per cwt., the cost of a cwt. at ^c?. 
per lb. will be 3 times the fourth of 112e?., or 7*.; and 7*. 
added to 1?. 8*. are 1?. 15*. 

xxi. At Ad. per lb., what is the cost of a ton ^....Asm. 
Z1l.es. Sd. 

Proof 4c?. per lb. will be 4 times 9*. 4c?. per cwt.= 
37*. 4c?.; a ton at I*, per cwt. will amount to 20*., or 1/.; and 
a ton at 37*. per cwt will come to 37 times 1/., or 37?.; 4c?. 
is the third part of 1*,, therefore 4c?. per cwt. will be the 
third of 1?., or 6*. 8<?. per ton; then 37?. and 6*. 8c?. make 
37?, 6*. 8c?. 

xxii. What part of a cwt. is 2 qrs. ?....^n*. The half* 
Proof On the second line. 

xxiii. What part of a lb. is 12 oz.?....^n*. 3 times the 
fourth. 

Proof On the line of fours. 

xxiv. What part of a shilling is 8c?. ?....^n*. Twice the third. 
Proof On the line of fours. 

XXV. What part of a pound is 13*. 4d.?....Ans. Twice the 
third. . 
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xxTi. What is the interest of 120/. at 6 per cent. ?.,i.Ani. 
71. 4s. 

Proof, 120 are 6 times the fifth of 100 ; the interest upon 
100 is 6/., therefore the interest upon 120 will he 6 times the 
fifth of 61.; the fifth of 61. is l/.4«., and 6 times the fifth of 
6L will he 6 times 1/. 4<9., or 7L 4s. 

xxvii. If the interest upon 100/. he 5/., what is the 
interest upon 1/., lOy., 5^., 2^. 6c/., Is, 3d.y and 5d.?.„.Ans. 
ls.f 6d.y Zd.^ l|(/., f c/., and \d. 

Proof, 51. contain lOO shillings; as the interest upon 
100/. is 100 shillings, the interest of 1/. will he 1 shilling. In 
like manner, the interest upon 10^., which is the half of 1/., 
will he the half of 1^., or 6d.; upon 5^. will he Sd.; upon 
2s. 6d. will he l^d.; upon Is, 3d. will he f</.; and upon 5d. 
will be id. 

• • 

xxviii. If goods are bought for 15/., and sold for 212.; 
what is the gain per cent. ?....Ans, 40 per cent. 

Proof, On the line of fives. The gain upon 15/. is 61. ; 
but 6 are twice the 5th of 15, therefore the gain upon 100/. 
will be twice the fifth of 100, or 40/. 

xxix. If the gain upon 1 lb. of tea be 8c/., what is the 
gain upon 12 oz.?....^n«. 6d. 
Proof, On the line of fours. 

XXX. Of what number of shillings and pence are 6s, Sd. 
3 times the fourth part ?....Ans, 8s, 4d, 

Proof, 6s, Sd. are 3 times 2s. Id., or 3 times the fourth 
of Ss.4d. 

xxxi. If 9 men working for 5 days earn 41, lOs., how 
much would 6 men earn working for 15 days ?....Ans, 91. 

Proof 9 men, working for 5 days, will do 45 days' work; 
6 men, working for 15 days, will do 90 days' work; 90 are 
twice 45 ; therefore the 6 men, in 15 days, will earn twice 
41, lOs.9 that is, 9/. 

xxxii. A yard of cloth 4 quarters wide is worth 12^. ; 
what is the value of a yard 5 quarters wide ?„..Ans. I5s. 

Proof 5 are 5 times the fourth of 4 ; therefore the value 
of the cloth which is 5 quarters wide will be 5 times the fourth 
of 12^., which is 15^. 

xxxUi. An estate is worth 7000/., what part of it can be 
purchased for 2000 ?....Ans. Twice the seventh. 
Proof. 2000 are twice the seventh of 7.000. 
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xxxiy. A grocer mixes 10 lbs. of tea at 5s. with 5 Iba*. at 
8*.; required the worth of the mixture per lb Ans, 6s. 

Proof. The cost of the mixture will be 909.; then if 15 
lbs. cost 90s^ 1 lb. will cost the fifteenth part of 90^., that 
is, 6s* 

XXXV. If a man earn 30». per week, what wages will he 
receive for 5 days' work ?...,Ans. 1 L 5s. 

Proof, 5 are 5 times the sixth of 6, therefore the wages 
for 5 days will be 5 times the sixth of 30^., that is> \l. 5s. 

xxxvi. If a labourer can lift 500 feet of earth in one 
day, what time will he require to lift 1500 feet ?...^»^« 3 days* 

Proof. 1500 are 3 times 500; if, therefore, a man take 1 
day in lifting 500 feet, he will take 3 times 1 day, or 3 days, 
in lifting 1500 feet. 

xxxvii. An engine raises 3000 feet of water in an hour ; 
hojK much will be raised in 1 minute ?....i47». 50 feet. 

Proof 1 miiiate is the sixtieth part of an hour; in 1 
mixuiAe, therefore^ will be raised the sixtieth part of 3000 feet, 
that is, 50 fleet.. 



SIXTH EXERCISE. 



Proportion. 

The nature of ratios, as explained in the last exercise, 
having been thoroughly understood by the pupil, he will now 
be prepared to consider the subject of Proportion. The pre- 
sent exercise is intended to show that, when the ratio of two 
numbers is the same as that of two other numbers, then these 
four numbers form a proportion : thus, as the ratio of 7 to 28 
is the same as 4 to 16, we have the proportion, 

7 is to 28 as 4 is to 16; 
or, 7 is to 4 times 7 or 28 as 4 is to 4 times 4 or 16. 

Again, 4 is to 6 as 8 is to 12 ; 

or, 4 is to 3 times the half of 4 or 6 as 8 is to 3 times the 

half of 8 or 12. 

In general, the pupil will be taught, that if the first term 
is contained the same number of times, or parts of thnes, in 
the second, that the third is contained in the fourth, then these 
four numbers form a proportion. 



ON PROPORTION. CASE I. ^7 

The applioation of this principle is highly important: for 
-wlien the first three numhers, or terms, of a proportion are 
given, the pupil is enahled to find the fourth number or temi. 
For example, in the question, 8 is to 12 as 10 is to what 
number? the number required will have the same ratio to 10 
that 12 has to 8. The pupil, therefore, first finds the ratio of 
12 to 8, which is 3 times the half, and then goes on to state, 

** 8 is to 3 times the half of 8 or 12 as 10 is to 3 times the 

half of 10 or 15." 

Hence he finds the number required to be 15. 

The teacher will not fail to observe, that while the first 
and third terms of the proportion are taken in the same column 
upon the board, the last, or required term, will alwavs be 
found in the same column with the second term, a circum- 
stance which imparts a beauti^l simplicity to the . subject of 
proportion. 

For the sake of convenience in teaching, the forms of 
proportion may be divided into three kinds: — 1st. When 
the second term is divisible by the first; 2nd. When the 
first term is divisible by the second; 3d, When the. first and 
second terms have any ratio. 



Case I. When the second term is ditnsible by 

the first. 

The manner in which the teacher is to proceed throughout 
the following exercises may be illustrated by an example. 
Suppose that he is about to show that '^ 2 is to 5 times the 
half of 2 or 5, as 4 is to 5 times the half of 4 or 10." 

While the teacher puts one pointer upon the second, and 
tbe other upon the fifth square of the first line, the pupils say 
" 5 are 5 times the half of 2, — 2 is to 5 times the halF of 2 
or 5 ;" then the teacher points to the two squares immecliately 
below, and the pupils say, ** as 4 is to 5 times the half of 4 
or 10." 

In the course of the exercise such questions as ihe foWo^f- 
ing may be put : 

Ques. What is the truth which you have just established? 
..sAns. That 2 is to 5 as 4 is to 10. 

Ques, What constitutes these numbers in proportion?... 
Ahs. That 5 contains 2 the same number of tixaes that a^ 
contains 4. 

C3 
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Ques, How many times 2 is five ?....Ans. 5 times the half. 

Ques. How many times 4 is ten l....Ans, 5 times the half 

also; because the half of 4, which is 2, taken 5 times proJuces 10. 

Ques. Give me any four numbers in proportion. 

First and Second Columns. 
1 is to twice 1 or 2 as 2 is to twice 2 or 4 



2 : twice 2 or 4 :: 3 

3 : twice 3 or 6 :: 4 

4 : twice 4 or 8 :: 5 

And so on to 
9 : twice 9 or 18:: 10 



twice 3 or 6 
twice 4 or 8 
twice 5 or 10 

twice 10 or 20 



The Columns taken promiscuously. 

8 : twice 8 or 16 :: 6 : twice 6 or 12 
5 : twice 5 or 10 :: 9 : twice 9 or 18 



First and Third Columns. 
1 is to 3 times 1 or 3 as 2 is to 3 times 2 or 6 



2 
3 
4 



3 times 2 or 6 
3 times 3 or 9 
3 times 4 or 12 
And so on to 
3 times 9 or 27 









4 
5 

10 



3 times 3 or 9 
3 times 4 or 12 
3 times 5 or 15 

3 times 10 or 30 



7 

4 



The Columns taken promiscuously. 

: 3 times 7 or 21 :: 10 : 3 times 10 or 30 
3 times 4 or 12 :: 9 : 3 times 9 or 27 

First and Fourth Columns. 



1 is to 4 times 1 or 4 as 2 is to 4 times 2 or 8 



2 
3 

4 



4 times 2 or 8 
4 times 3 or 12 
4 times 4 or 1 6 
And so on to 
4 times 9 or 36 



3 
4 
5 



4 times 3 or 12 
4 times 4 or 16 
4 times 5 or 20 



10 : 4 times 10 or 40 



The Columns taken promiscuously. 



7 
5 
2 



4 times 7 or 28 
4 times 5 or 20 
4 times 2 or 8 



» • 






3 
9 
6 



4 times 3 or 12 
4 times 9 or 36 
4 times 6 or 24 



In like manner the first and fourth, first and fifth, first and 
sixth, first and seventh, first and eighth, first and ninth, and 
first and tenth columns may be gone over. 
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Questions on Case I. 

First and Second Columns. 

!• 3 : 6 :: 8 : what number ?....^n^. 16. 
Proof, 6 are twice 3; then 3 : twice 3 or 6 :: 8 : twice 
8, or 16. 

ii. 4 : 8 :: 12 : an unknown number ?....^w*. 24. 
Proof. 8 are twice 4 ; hence 4 : twice 4 or 8 : : 12: twice 
12, or 24. 

iii. 5 : 10 :: 9 : what number ?....^n^. 18. 

iv. 6 : 12 :: 5 : what number ?....-4w*. 10. 

V. 10 : 20 :: 3 : what number ?....-4nj. 6. 

First and Third Columns: 

i. 2 : 6 :: 4 : what number ?....-4nj. 12. 

Proof 6 are three times 2; hence 2 * 3 times 2, or 6 :: 

4 : 3 times 4, or 12. 

ii. 5 : 15 :: 6 : what number ?....^n^. 18* 
iii. 4 : 12 :: 7 : what number ?....-4w*. 21. 
iv. 10 : 30 :: 8 : what number ?....^7w, 24. 

First and Fourth Columns. 

i. 3 : 12 :: 5 : what /number ?....-4w*. 20. 

Procf 1 2 are 4 times 3 ; therefore, 3 : 4 times 3, or 1 2 : : 

5 r 4 times 5, or 20. 

ii. 5 : 20 :: 2 : what number ?....^wj. 8. 
iii. 7 : 28 :: 3 ; what number ?....^7W. 12. 
iv. 9 : 36 :: 10 : what number ?....^/w. 40. 

Similar questions may be given on the first and fifth, first 
and sixth, &c., columns. 
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Questions on Money, Weights, and 

Measures. 

First and Second Columns*. 

I If 6 articles cost 2*. 8c?., what willl2cost?....^w*. 5^. 4d. 
I^roof. 2s. Sd. are 32d.; 12 are twice 6; therefore, 6 ' 
twice 6, or 12 :: 32 : twice 32, or ©4; G4d. are 5s. 4d. 

ii. If 8 cost 2*. 5d., what will le cost?....^n*. 4*. lOd. 

iii. If 5 cost Is. 8c?., what will 10 cost?....^«j. 3*. 4ct 

iv. If 9 cost 10c?., what wiU 18 cost?....^fw. U. Sd. 

V. If 4 cost 2d., what will 8 cost?....^,. 4d. 

. First and Third Columns, 

i. If 2 lbs. of tea cost 9*., what will 6 lbs. come to ?.,..Ans. 
IL 7s, « 

Proof. 6 are 3 times 2; then 2 : 3 times 2 or 6 •• 9 • 
3 times 9, or 27; 27 shillings are 1/. 7s. " ' 

ii. If 2 cost 3*. 6d., what will 6 cost?....^«,. 10*. 6d. 

iii. If 9 cost 2*. Id., what will 27 cost?....^;^*. 6s. Id. 

iv. If 5 cost 10c?., what will 15 cost?....2*. 6d. 

First and Fourth Columns. 

.. a^*^"!^ ^ o ^'^ ^ *™^' ^' tl>erefore, 3 : 4 times 3, or 12 
..8.4 times 8, or 32; 32 shillings are 11. 12*. 

ii. If 2 cost 2*. 2|rf., what will 8 cost ?....Ans. 8,. 9rf. 
ui. If 3 cost lOd., what will 12 cost?....^«,. 3,. lorf. 
iv. If 7 cost 2,. 2irf., what will 28 cost ?....Am. 8s. lOrf. 

columnl '° "" *° *^^ *"* ^""^ ^^*' ^''^t »"d ««th. &c., 
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Case II. When the first term is divisible by the 

second. 



Second and First Columns. 

4 is to the half of 4 or 2 as 2 is to the half of 2 or 1 

the half of 4 or 2 

the half of 6 or 3 

the half of 8 or 4 

thehalf of 18or9 



6 

8 
10 

20 



the half of 6 or 3 :: 4 
the half of 8 or 4 :: 6 
thehalf of 10 or 5 :: 8 

And 8o on to 
the half of 20 or 10 :: 18 



12 

18 



The Columns taken promiscuously. 



thehalf of 12 or 6 :: 16 
thehalf of 18 or 9 :: 10 



thehalf of 16 or 8 
the half of 10 or 5 



Third and First Columns. 
6 is to the third of 6 or 2 as 3 is to the third of 3 or 1 



9 
12 
15 

30 



the third of 9 or 3 : : 6 
the third of 12 or 4 :: 9 
the third of 15 or 5 :: 12 

And so on to 
the third of 30 or 10 ;: 27 



the third of 6 or 2 
the third of 9 or 3 
the third of 12 or 4 

the third of 27 or 9 



30 
27 



The Columns taken promiscuously. 



the third of 30 or 10 :: 21 
the third of 27 or 9 :: 12 



the third of 21 or 7 
the third of 12 or 4 



. These illustrations will be sufficient to show how tho 
remaining columns are to be treated. > 
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Questions on Case 11. 

Second and First Columns. 

i. 14 : 7 :: 10^: what number ?....-4ii*. 5. 
Proof, 7 are the half of 14 ; therefore 14 : the half of 
14, or 7 :: 10 : the half of 10, or 5. 

ii. 10 : 5 :: 8 : what number ?....-4nj. 4. 



iii. 4:2 
iv. 6 : 3 
V. 8:4 



: 8 : what number ?....^n*, 4. 
: 2 : what number l....Ans. 1. 
: 4 : what number ?....-4n*. 2. 

Third and First Columns. 



i. 9 : 3 ;: 6 : what number ?....^nj. 2. 
Proof, 3 are the third of 9 ; therefore 9 ; the third of 
9, or 3 : : 6 : the third of 6, or 2. 

ii. 3:1 :: 12 : what number ?....^nj. 4. 

iii. 27 : 9 :: 15 : what number ?....^n*. 5. 

iv. 21 : 7 :: 30 : what number ?....^7i*. 10. 

V. 18 : 6 :: 6 : what number ?....-4«j. 2. 

Fourth and First Columns. 

i. 8 : 2 :: 12 : what number?. ...-4nj. 3. 
Proof 2 are the fourth of 8 ; therefore, 8 : the fourth 
of 8, or 2 :: 12 : the fourth of 12 or 3. 

ii. 28 : 7 :: 16 : what number ?....-4w*. 4. 

iii. 24 : 6 :: 32 : what number ?....^n^. 8. 

iv. 8 : 2 :: 36 : what number ?....-4n*. 9. 

V. 20 : 5 :: 4 : what number ?....^nj. 1. 

Similar questions may be given on the first and fifth; first 
and sixth, &c., columns. 
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Questions on Money, Weights, and 

Measures. 

Second and First Columns. 

i. At 1 4*. per week, how much will 3 days* work amount 
to?. ,..Ans. 7s, 

Proof. 3 are the half of 6; therefore, 6 : the half of 6 
or 3 :: 14 : the half of 14 or 7. 

ii. If 14 cost 4.?. 2rf., what will 7 cost?....-4«*. 2*. Id. 

iii. If 14 cost lOrf., what will 7 cost ?....^»«. Sd. 

iv. If 10 cost 4*. 6rf., what will 5 cost ?,...Ans, 2s. Sd. 

Third and First Columns. 

i. If 9 cost 3*. Sd., what will 3 co8t?....^n*. 1^. \d. 
Proof. 3 are the third of 9 ; therefore, 9 : the third of 9 
or 3 :: 3^. Sd. : the third of 3^. Sd.y or Is. Id. 

ii. If 15 cost 2s. 9d.f what will 5 cost?....^n«. Md. 

iii. If 12 cost 1*. 9d., what will 4 cost?....^nj. 7c?. 

iv. If 6 cost 3^. 9d.y what will 2 cost?....^n«. Is. 3d. 

Fourth and First Columns. 

i. The gain upon the sale of 16 lbs. is 2s. Sd.^ what 
would be the gain upon 4 lbs. ?....Ans. Sd. 

Proof. 2s. Sd. are Z2d.; 4 is the fourth of 16; then 16 : 
the fourth of 16, or 4 :: 32 : the fourth of 32, or 8. 

ii. If 12 cost 2s. 4d., what will 3 cost?. .,.Ans. Id. 

iii. If 24 cost 4*. 4rf., what will 6 co8t?....^«j, \s\ Id. 

iv. If 28 cost Is. Sd., what will 7 cost'?....^»j. 5d. 

And so on to the first and fifth, first and sixth, 8cc., 
columns. 
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Case III. When the first and second terms have 

any ratio. 

■ 

Second and Third Columns. 

3 Are 3 times the half of 2* 

2 : 3 times the half of 2. or 3 : : 4 : 3 times the half of 4 or 6 

6 are 3 times the half of 4* 
4:3 times the half of 4, or 6 :: 6 : 3 times the half of 6 or ^8 

9 are 3 times the half of 6* 
6 : 3 times the half of 6, or 9 :: 8 : 3 times the half of 8 or 12 
And so on. 

Second and Fourth Columns. 

4 are 4 times the half of 2 

2 : 4 times the half of 2, or 4 : : 4 : 4 times the half of 4 or 8 

8 are 4 times the half of 4 
4 : 4 times the half of 4, or 8 :: 6 : 4timesthehalf of 6 or 12 

12 are 4 times the half of 6 
6 : 4 times the half of 6, or 12 :: 8 : 4 times the half of 8 

or 16. 
And so on. 

Second and Fifth Columns. 

5 are 5 times the half of 2 

"^ ; 5 times the half of 2, or 5 :: 4:5 times the half of 4 or 10 

ICXare 5 times the half of 4 
4 i 5 times the half of 4, or 10 :: 6 : 5 times the half of 6, 

or 15 
15 are 5 times the half of 6 
6 : 5 times the half of 69 or 15 :: 8 : 5 times the half of 8, 

or 20 
And so on.* 

In like manner the second and sixth, second and seventh, 
&c., may he gone over. 



* By omitting the decomposition placed at the commencement 
of each step, the connection between the different steps wiU be more 
easily seen. 
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Third and Second Columns. 

2 are twice the third of 3 
3 : twice the third of 3, or 2 : : 6 : twice the third of 6, or 4 

4 are twice the third of 6 
6 : twice the third of 6, or 4 :: 9 : twice the third of 9, or 6 

6 are twice the third of 9 
9 : twice the third of 9, or 6 :: 12 : twice the third of 12, or 8 
And so on. 



Third and Fourth Columns. 

4 are 4 times the third of 3 
3 : 4 times the third of 3, or 4 : : 6:4 times the third of 6, 

or 8 

8 are 4 times the third of 6 
6:4 times the third of 6, or 8 :: 9 : 4 times the tltivd of 9^ 

or 12 

12 are 4 times the third of 9 
9 : 4 times the third of 9, or 12 :: 12 : 4 times the third of 

12, or 16 
And so on. 

In like manner the third and fifth, third and sixth, &c,, 
colixmns may be gone over, and the same form may be i*xtended 
to any other eombinatioit of the columns. For another exant^ 
pie take the 

Seventh and Ninth Columns. 

9 are 9 times the seventh of 7 
7 : 9 times the seventh of 7, or 9 :: 14 : 9 times the seventh 

of 14, or 18 

18 are 9 times the seventh of 14 
14 : 9 times the seventh of 14, or 18 :: 21 : 9 times the 

seventh of 21, or 27 

27 are 9 times the seventh of 21 
21 : 9 times the seventh of 21» or 27 :: 28 : 9 times the 

seventh of 28, or 36 

36 are 9 times the seventh of 2S 
28 : 9 thnes the seventh of 28, or 36 :: 35 ; 9f times the 

seventh of 35, or 45 
And so on. 
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The following form may also be used with advantage : 

Ninth and Seventh Columns. 

9 are 9 times the seventh of 7 

18 are 9 times the seventh of 14 

18 :14 :: 9 :7 

9 are 9 times the seventh of 7 

27 are 9 times the seventh of 21 

27 : 21 :: 9 : 7 

9 are 9 times the seventh of 7 

36 are 9 times the seventh of 28 

36 : 28 :: 9 : 7 

9 are 9 times the seventh of 7 
45 are 9 times the seventh of 35 

45 : 35 :: 9 : 7 
And so on. 

Any other two columns may be gone over in the same 
manner. 

Since a proportion is formed by four terms, having an 
equality of ratio, it follows that we may divide the first and 
second, or the third and fourth terms by any number without 
altering the proportion. 

So also in any proportion the product of the middle terms 
is equal to the product of the extreme terms. Thus in the 
proportion 9 : 12 :: 6:8; we find that 9 X 8=12 x 6. 

This latter property is the foundation of the common pro* 
cess of " Rule of Three," where three terms of the proportion 
are given to find the fourth, as in the following example : 

2 : 3 : : 8 : a number unknown. 

Hence the unknown number X 2 = 8 X 3, or the unknown 
number =-S^= 12. 

In general the last, or unknown terin of a proportion is 
found by dividing the product of the middle terms by the 
first. Having given the value, &(*. of any number of things 
of the same nature, proportion enables us to find the value, 
&c. of any other number of things of the same kind, and it 
is evident that two quantities cannot be put into a proportion 
until it is ascertained that the value, &c. of the quantities 
considered, change uniformly with the change of the number. 

The teacher will find little difficulty in illustrating these 
properties upon the Board of Simple Units. 
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Questions on Case III. 

Third and Fifth Columns. 

i. 6 : 10 :: 9 : what number ?....^n«. 15. 

Proof. 10 are 5 times the third of 6; therefore, by the 
equality of ratios, 6 : 5 times the third of 6 :: 9 : 5 times the 
third of 9, or 15. 

ii. 21 : 35 :: 15 : an unknown number ?....^nj. 25. 
Proof, 35 are 5 times the third of 21; 21 : 5 times the 
third of 21, or 35 :: 15:5 times the third of 15, or 25. 

iii. 18 : 30 :: 6 : what number ?....^n«. 10. 

iv. 25 : 15 :: 5 : an unknown number ?.....^4n«. 3. 

Fourth and Seventh Columns. 

i. 16 : 28 :: 12 : what number ?....^n*, 21. 
Proof 28 are 7 times the fourth of 16 ; 16:7 times the 
fourth of 16 :: 12 : 7 times the fourth of 12, or 21. 

ii. 35 : 20 :: 21 : an unknown number ?....^n^. 12. 

iii. 14 : 8 :: 42 : what number ?...,Ans* 24. 

iv. What proportion does 9 bear to 15 7,.,.Ans» 3 to 6. 
Proof 15 are 5 times the third of 9 ; therefore, 9 : 5 times 
the third of 9 or 15 :: 3 : 5 times the third of 3, or 5. 

V. Find the proportion of 12 to 20 Ans. 3 to 5. 

Proof 20 are 5 times the third of 12, therefore 12 :^ 
times the third of 12, or 20 :: 3:5 times the third of 3, or 5. 

Ninth and Seventh Columns. 



1. 

.. 
u. 



« • ■ 

m 



What proportion does 18 bear to 14 ?....^nj. 9 to 7. 

What proportion does 27 bear to 21 ?,...An9. 9 to 7. 

. What proportion does 45 bear to 35 ?.,„Ans, 9 to 7. 

Third and Tenth Columns. 

i. What proportion does 6 bear to 20?.,„An9. 3 to 10. 

ii. What proportion does 9 bear to 30 ?..,.Ans. 3 to 10. 

iii. What proportion does 15 bear to 50 ?,,„Ans. 3 to 10. 

iv. What proportion does 21 bear to 70 ?„„Ans, 3 to 10. 
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Questions on Money, Weights, and 

Measures. 

Seeond and Third Columns. 

i. What will be the value of 4 yards of cloth, when 6 yards 
co8t2ls.?....Ans. \4s. 

Proof, 4 are twice the third of 6 ; then 6 : twice the third 
•f 6, or 4 :: 21 i twice the third of 21, or 14. 

ii. If 6 cost I5s. 3d; what will 4 cost?,...A»s. lOs. 2d, 

iii. If 10 cost 8^. Od.^ what will 15 cost?. „.Ans. I2s. 

iv. If 14 cost Ss, 2d; what will 21 cost?....-4»*. 4*. 9d. 

y. If 3 cost Is^ Sd; what will 2 eost ?,„^ns. Is. 

Third and Fourth ColanmSr 

i. At 12 shillings per week, how much will 8 days' work 
amount to?... .-4w*. 16*. 

Proof, 8 are 4 times the third of ^ ; th^n 6 : 4 times the 
third of 6, or & :: 12 : 4 timet the third of 12, or 16. 

ii. If 15 cost I*. Sd.y what will 20 cost ?....Ans. Is. Sd* 

iii. If 18 cost 8*. 9c?., what will 24 co8t?....-4n*. 11*. Bet, 

^iv. If 9 cost I*. 9c?., what will 12 cost? „„Ans. 2s. 4d, 

y^ If 16 cast 2*. Od,, what will 12 cost?. »,Ans. 1#. ScL 

Third and Fifth Columns. 

T. If a man walk at the rate of 3 miles per hour, how 
long would he be in walking 5 miles ?....^»*^ I hoar and 40 
minutes. 

Proof. 5 are 5 times the third of 3 ; then 3 : 5 times the 
third of 3 :: 1:5 times the third of 1. In one hour there 
are 60 minutes; therefore 5 times the third of an hour =100 
minuteff, or 1 bour and 40 misuaitesi. 

ii. If 21 eost Iff. 3d; what wiU 3$ c9sJi? ...,Ams. 2s. Id. 

. iii. If 30 cost 3;r. Sd^^s what will 40 eoet ?. 4na,. 4s. Sd, 

iy . If 12! cost 2^; what will 20 cost ?.«.ud«w. id. 
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Third and Seventh Columns. 

i. 6 lbs. of sagar at 7«. IdU per stone ?....^iw. 3j. Zd. 

Proof. 6 are 3 times the seventh of 14, therefore 14 : 3 
times the seventh of 14, or 6 :: Is. 7d^ : 3 times the seventh 
of 7*. 7c?., or Ss. 3d. 

ii. Required the amount of 21 articles, when 9 cost 21^. 
,,,,An3. 21. 9s. 

Proof. 21 are 7 times the third of 9 ; therefore 9 : 7 times 
the third of 9, or 21 :: 21 : 7 times the third of 21, or 49; 49 
shillings are 21. 9s. 

Similar questions may be given^ on any other combination 
of columns. 



Miscellaneous Questions on the Sixth 

Exercise. 

i. If 6 yards of cloth cost 3/. 6^., what will 20 yards cost ? 
,..»Ans. III. 

Proof. Third and tenth columns. 20 yards are 10 times 
the third of 6 yards, and 3/. 6s. are 66 shillings ; therefore, 6: 
10 times the third of 6, or 20 :: 66 i 10 times the third of 66, 
or 220; 220 shillings are 11/. 

ii. If 7 yards cost 1; . 9d.y what would 1 1 yards cost ? 
.,„Ans. 2s. 9d, 

Proof Is. 9d. are 21 pence. Hence 7 : 11 times the 
seventh of 7. or 11 :: 21 : 11 times the seventh of 21, or 33; 
ZSd. are 2^. 9d. 

iii. If 64 articles cost 3^. 4e/., what would 24 cost at the 
same rate?....^n^. Is, Sd. 

Proof. 24 are 3 times the eighth of 64 ; 64 : 3 times the 
eighth of 64, or 24 : : 40 : 3 times the eighth of 40, or 1 5 ; and 
I5d. are 1^. Sd. 

iv. If 48 lbs. cost 4*. Sd., what would 54 lbs. cost?.... 
Ans. 5s. 3d. 

V. If 72 lbs. cost 3s. 4e/., what would 54 lbs. cost?.... 
Ans. 2s. 6d. 

vi. If 81 lbs. cost 2*. 3c?., what would 90 lbs. cost?..,. 
Ans. 2s. 6d, 
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vii. If 25 lbs. cost 3^. 9d^ what would 40 lbs. cost?.... 
Ans» 6s. 

viii. If 112 lbs. cost Is, 9d,y what would 32 lbs. cost?.... 
Ans* 6d. 

ix. If 49 lbs. cost Is. 9d., what would 56 lbs. cost ?.... 
Ans, 2s. 

X. If 2 lbs. of tea cost 9s., what is the cost of 10 lbs.? 
.,».Ans. 21. 5s. 



/ 1 



BOOK IL 



FRACTIONAL NUMBERS. 



INTEODUCTION. 

The various exercises in Book I. having been properly taught, 
the pupils vf'iW have performed many operations in which frac- 
tions are indirectly involved. In the fourth exercise, for 
example, where the remainder in division is expressed as u part 
of the divisor, the remainder so expressed is a fraction. In 
such cases, however, the fraction is derived from the compari- 
son of units; whereas, in the following exercise, the pupil 
proceeds at once to trace the origin and investigate the pro- 
perties and relations of fractional or broken parts of unity. 
For this purpose, unity or one is supposed to be represented 
by a square, and this square is divided into two, three, four, 
&c. equal parts, to form, respectively, the fractions one-half, 
one-third, one-fourth, &c. Thus, four-fifths of one or unity 
is represented by four of the five equal parts into which the 
square is divided ; three-fourths by three of the four equal 
parts into which the square is divided ; and so on, as the case 
may be. 

We now replace the Board of Simple Units by two Boards, 
one of Simple and the other of Compound Fractions. The 
construction of these Boards will readily be understood by 
inspection, aided by the following explanation. 



ON FRACTIONS. 
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Board of Compound Fractions. 



The squares on this board are divided, by the upright 
lines, precisely in the same manner as on the Board of Simple 
Fractions. But in addition to this, each square in the second 
column is divided into two equal parta by a horizontal line; 
each square in the third column is divided into three equal 
parts by two horizontal lines ; each square in iSe fourth 
column is divided into four equal parts by three horizontal 
lines ; and so on. 

To enable the teacher more fully to understand the m^ner 
in which these divisions are made, it will be sufficifnt to 
describe ,i,!" 
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The Third Square on the Fourth Line. 

The unit is here divided into fourths, or four equal parts, 
by three upright lines; each of the four-fourths is again divided 
into three equal parts, by two horizontal lines, which also 
divide the square into three equal parts ; so that we have the 
unit divided, vertically^ into fourths, and horizontally into 
thirds ; and the whole square is thus divided into 12 equal 
parts or twelfths. 

It is not necessary, that the teacher should restrict the 
mind of the pupil to the fractional division of surfaces ; rods, 
apples, &c., may be divided into parts, and made the subject of 
calculation as well as the squares on the board. 

The first thing to be taught, is the names of the fractional 
parts, contained in the different squares upon the boards. 
Thus upon the second line of the Board of Simple Fractions, 
pointing to one part, the pupil is told that '' one part is the 
half of one whole number, or one half," " two parts are twice 
the one half of one whole number, or 2 halves,'* and so on. 
After the divisions on the Board of Simple Fractions have 
been described, as in the following exercise, the pupil will have 
little difficulty in extending the knowledge he has thus acquired, 
to the Board of Compound Fractions. 



FIRST EXERCISE. 



Formation and Nature of Fractions. 

This exercise is intended to exhibit the way in which a 
fraction is formed; to define the terms made use of, and to show 
upon what the magnitude of a fraction depends. 

The Board of Simple Fractions will be required in this 
exercise. • 

I . Second Line, or Line of Halves. 

Here unity is divided into two equal parts. 
T> 'One part is the half of one, or one half. 
0/ -*JVo parts are twice the half of one, or 2 halves. 
Three parts are 3 times the half of one, or 3 halves. 

&c. &c. 
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Third Line^ or Line of Thirds. 

Here unity is divided into three equal parts. 

One part is the third of one whole number, or one third. 
Two parts are twice the third of one whole number, or 2 
thirds. 

Three parts are 3 times the third of one whole number, or 

3 thirds. 

Four parts are 4 times the third of one whole number, or 

4 thirds. 

&c. &c. 

Fourth Line, or Line of Fourths. 

Here unity is divided into four equal parts. 

One part is the fourth of one or one fourth. 
Two parts are twice the fourth of one or 2 fourths. 
Three parts are 3 times the fourth of one or 3 fourths. 
Four parts are 4 times the fourth of one or 4 fourths. 
Five parts are 5 times the fourth of one or 5 fourths. 

&c. &c. 

And so on to the fifth, sixth, seventh, &c, lines. 

The pupils will now readily understand that every fraction 
is expressed by two numbers ; the denominator, indicating the 
number of parts into which the unit is divided ; and the nume- 
rator, showing how many of these parts are taken : for instance, 
in the fraction 3 fourths (which is also written J) 4 is the 
denominator, and 3 is the numerator. 



Comparative Magnitude of Fractions 
having the same Denominator. 

Second Line, or Line of Halves. 



One half is less than 2 halves 

2 halves are less than 3 halves 

3 halves are less than 4 halves 

4 halves are less than 5 halves 

&c. 



2 halves are greater than one half 

3 halves are greater than 2 halves 

4 halves are greater than 3 halves 

5 halves are greater than 4 halves 

&c. 
D 2 
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Third Line, or Line of Thirds. 



One third is less tlian 2 thirds 
2 thirds are less than 3 thirds 
&c. 



2 thirds are greater than 1 third 

3 thirds are greater than 2 thirds 

&c. 



Fourth Line, or Line of Fourths. 



One fourth is less than 2 fourths 
2 fourths are less than 3 fourths 
&c. 



2 fourths are greater than 1 fourth 

3 fourths are greater tlian 2foiirths 

&c. 



Fifth Line, or Line of Fifths. 

One fifth is less than 2 fifths i 2 fifths are greater than 1 fifth 

2 fifths are less than 3 fifths | 3 fifths are greater than 2 fifths 

And so on to the sixth, seventh, eighth, &c« Lines. 



Comparative Magnitude of Fractions 
having different Denominators. 



First Column. 



One whole number is greater than one half 
One half is greater than one third 
One third is greater than one fourth 
One fourth is greater than one fifth 
One fifth is greater than one sixth 
One sixth is greater than one seventh 
One eighth is greater than one ninth 
One nintb is greater than one tenth, 
die. &c> 



One half is less than one whole number 
One third is less than one half 
One fouilh is less than one third 
One fifth is less than one fourth 
One sixth is less than one fifth 
One seventh is less than one sixth 
One ninth is less tlian one eighth 
OxiB tenth is less fhan one ninth 
d&c &o* 



The pupil will now readily understand: 1. That a fraction 
is increased, by increasing the numerator; for by doing so 
we increase the number of fractional parts taken ; thus four- 
fifths are greater than three-fifths. 2. That as we increase 
the denominator, so we diminish the fraction; for by this 
means we divide the unit into more parts, and consequently 
each part will be rendered less, thus f are less than f , (see the 
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eig^H and fotnth lines,) becattBe the value of one-eiglith is 
less than one-fourth. The con verse of these propesitioiis will 
also be easily understood by the pupil. 

In the first part of this exercise the pupil has been taug-kt 
another method of expressing a- ratio, that is, by a fraction ; 
for instance, inslead of saying 3 times the fifth of a pound, he 
may now simply say 3-fifths (•§■) of a pound. The questions, 
therefore, belonging to the first case of ratios may be hare 
proposed, only observing that such language as " 8 times the 
fifth" is changed into "3-fifths,'* or f. In addition to these 
questions, the following may also be proposed. 



* Questions on the First Exercise. 

i. Whether is ^ or ^ the greater ?....Ans. ^. Because i 
is one of the two equal parts into which unity is divided ; 
and i is one of the three equal parts into which unity is 
divided. ^ 

ii. How many fifths are there in one?....-4n*. 5 -fifths. 

iii. What do you mean by i?....Ans. That if .unity be 
divided into four equal parts, three of these parts are f . 

iv. Give another name for three fourths Ans. Three 

times the fourth of one. 

V, How many thirds are there in one ?...Ans. Three 
thirds (f). 

vi. How many thirds are there in 2 ?....Ans. f. Because 
1 contains f, and therefore 2 will contain f and f, which 
are |. 

vii. How do you cut an apple so as to obtain- f?....^w^, 
I cut the apple into 3 equal pieces ; then 2 of these pieces 
will be f of the whole apple. 

viii. Why do the parts of this square represenf fifths?.... 
Ans, Because the square, which we take as a unit, is divided 
into five equal parts ; therefore one part will be the ^ of the 
whole square. 



78 ON FRACTIONS. FIRST EXERCISE. 

ix. How many squares are there in the school-room win- 
dow; and what part will 3 squares be of the whole window?.... 
Ans. There are 16 squares in the whole window: 3 squares 
will therefore be -^ of the window. 

Second Line^ or Line of Halves. 

i. 3 halves of a shilling contain how many pence ?....Ans- 
1 Sd, ; because the half of a shilling is 6d., and therefore 
3 halves will be 1 Sd, 

ii. What is the value of -| of a stone ?.....4n^. 35 lbs.; 
because the half of a stone is 7 lbs., and therefore •§• will be 
5 times 7 lbs., or 35 lbs. 

Third Line, or Line of Thirds. 

i. What is meant by -I of a shilling ?....Ans, If !«., or 
I2d. be divided into three equal parts, then -f will be two of 
these parts. 

ii. What is -| of 9d. ?....Afis, I5d, ; because the ^ of 9d* 
is Sd.f and therefore ^ v^ill he 5 times Zd., or I5d. 

i 

Fourth Line, or Line of Fourths. 

i. f of a pound are how many shillings l....Ans, 15s. ; 
because the fourth of a pound is 5^. ; and therefore \ will 
be 3 times 5^., or 15^. 

ii. Explain what is meant by |- of 16 feet Ans, That 

the fourth part of 16 feet, which is 4 feet, is to be repeated 5 
times ; which would give 20 feet for the value of J of 1 6. 

Fifth Line, or Line of Fifths. 

i. How would you find -I of this rod l..,.Ans, By dividing 
it into 5 equal parts, (each of which would be a fifth,) and 
then taking 3 of these parts. 

ii. Supposing the rod to be 10 feet long, what would 
be the length of \ ?....Ans, 6 feet ; because j- would be 2 feet, 
and f would be 3 times 2 feet, or 6 feet. 
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SECOND EXERCISE. 



Reduction of Fractions. 

The last exercise will have taught the pupil, that a fraction 
may be greater than unity; he will now be shown, — ;l8t, how 
such fractions are converted into mixed numbers, that is, quan- 
tities which are made up of whole numbers and fractional parts ; 
and 2nd, how these mixed numbers are converted into im- 
proper fractions, that is, fractions which are greater than unity* 

In the present exercise, which requires the use of the Board 
of Simple Fractions only, the teacher proceeds thus. Suppose 
he has to show that five halves (an improper fraction) equal 
two units and a half (a mixed number). He places one of his 
pointers upon 5 halves, whilst with the other he refers to the 
2 whole numbers, which enter into the composition of 5 halves : 
the pupil then says, " 5 halves are 2 whole numbers and one 
half;" and conversely, " 2 w. n. and one half are 5 halves." 
Pointing to 6 halves, in the same manner, the pupil says, " 6 
halves are 3 w. n. ;" and then conversely, " 3 w. n. are 6 
halves." And so on to 7 halves, 8 halves, 9 halves, 10 halves, 
&c., &c. Such questions as the following may be put in the 
course of the exercise : 

Teacher (pointing to the 5 halves upon the board). What 
sort of number is -f- ? 

Pupil, An improper fraction. 

T. Why? 

P, Because it is greater than unity. 

T. How do you find the number of units contained in -f ? 

P. As 1 whole number contains f, for every two halves I 
shall have one whole number; therefore \ are made up of f 
and ^ and \y that is 2 w. n. and \. 

T. How many halves are there in 3^ ? 

P, 7 halves. Because 1 w. n. = f ; and 3 w. n. = f + 
I -h I, that is f and therefore 3^ = f + i, or ^. 
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ON FRACTIONS. SBCOND EXERCISE. 



Second Line, or Line of Halves. 



2 halves are 1 whole munjber 

3 halves are ] w.n. and one half 

4 halves are 2 w.n. 

5 halves are 2 w.n. and one half 

6 halves are 3 w.n. 

7 halves are 3 w.n. and one half 

8 halves are 4 w.n. 



1 w.n,. eoatains 2 halves 

1 w.n. and one half are 3 halves 

2 w.n, are 4 halves 

2 w.n. and one half are 5 halves 

3 w..n^ are 6 l^ahr«s 

8 w Ji. and one half are 7 halves 

4 w.n. 9Fe 8 halved 



And so 00.. 



Third Line, or Line of Thirds. 

3 thirds are 1 w.n. 
I* are 1 w.n. and | 
I are 1 w.n. and | 
$ are 2 w.n. 



J are 2 w.n. and ^ 
fares w,n. and § 
I are 3 w.n. 



1 w.n. contains 3 thirds 
] w.n. and i are $ 

1 w.n. and | are § 

2 w.n. are | 

2 w.n. and ^ are J 

2 W.1L and | are | 

3 w.n. are { i 



And so on. 



Fourth Line, or Line of Fourths. 



4 fourths are 1 w.n. 
I are 1 w.n. and | 
I are 1 w.n. and | 
J are 1 w.n. and | 
I are 2 w.n. 
I are 2 w.n. and I 



.1 w.n. contains 4 fourths 
1 w.n. and { ai*e | 
1 w.n. and f are | 

1 w.n. and f are | 

2 w.n. are f 

2 w.n. and ^ are I 



And so on. 



Fifth Line, or Line of Fifths. 



6 fifths are 1 w.n. 
f are 1 w.n. and \ 
I are 1 w.n. and f 
I are 1 w.n. and | 
I are 1 w.n. and f 

V are 2 w.n. 

V are 3 w.n. and | 



1 w.n. contains d fifths 
1 w.n. and \ are | 
1 w.n. and | are f 
1 w.n. and "I are J 

1 w.n. and | are § ^ ] 

2 w.n. are V: i 

2 w.n. and i are V 



And so on. 



* Such lines as this are to be read thus : " Four-thirds are]"on« 
whole number and oaerthird.*' 



REDUCTION. 
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Sixth Line^ or Line of Sixths. 

} are 1 w.n. 1 w.n. contains | 

J are 1 w.n. and | 1 w.n. and | are | 

S A.rA 1 xir.n. ortA i 1 w n Ami i ar^ S. 



I are 1 w.n. and f I w ji. and | are f 

I are 1 wji. and | 1 w.n. and | are | 

yarel w.n, and f 1 w.n. and | are y 

And so OD. 

The teacher is to proceed in the same way with the seventh, 
eighth, ninth, and tenth lines. 

This exercise, in general, teaches, that when the numerator 
of a fraction is greater than its denominator, then such fraction 
is greater than unity, and that the whole numbers are extracted, 
by dividing the numerator by the denominator for the units, 
and then annexing the remainder in the form of a fraction for 
the complete value, thus, -^=3-§-; and that conversely the 
mixed number 3|- is reduced to a fraction, by converting the 3 
whole numbers into fifths, by multiplying by 5, and then adding 
this product to the numerator of the fractional part for the num- 
ber of fifths in the proposed number. 



Questions on the Second Exercise. 

Second Line, pr Line of Halves. 

i. In 2|, how many halves?.... 4ns. \, because 2 w.n. 
contain 4 halves, and therefore 2 w.n. and i will contam i 
and ^, which equal -|. 

ii. How many whole numbers are there in 17 halves ?.... 
Ans. 8|, 

Proof. 16 halves are 8 w. n., and 17 halves are 8^. 

iii. Reduce 8J to ha\ves.,..Ans.^, because 1 contains |, 
therefore 3 w. d. will contain i, and f, and h ^^^^^ *'® ^' 
therefore 3J=-|-f ^, that is, ^. 

p3 
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Third Line, or Line of Thirds. 

i. Reduce 3J to thirds Arts, -^j because l=f ; and 3 

=:|- repeated 3 times, which are |, therefore 3^=|-+|^, or J^. 

ii. Reduce 13 thirds to whole numbers Ans. A\^^ 

iii. Reduce 23 thirds to whole numbers Ans. 7f . 

• 

Fourth Line, or Line of Fourths. 

i. In 4^, how many fourths '^....Ans, ^, 
ii. In 5f, how many fourths ?....-4w*. ^, 
iii. Reduce ^ to whole numbers Ans. 7:J. 

Tenth Line, or Line of Tenths. 

i. Reduce 8-^ to tenths Arts. f^. 

ii. Reduce 5^ to tenths Ans, -f^. 

iii. Reduce -J-§- to whole numbers Arts. 7-^^ 

iv. Reduce ^ to whole numbers Arts, S-^ 

Miscellaneous. 

i. Reduce 4 J to fourths Ans, ^. 

ii. Reduce 7f to sixths Ans. ^. 

iii. Reduce 2|- to eighths Ans, ■*^. 
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THIRD EXERCISE. 



Addition and Subtraction of Fractions 
having a Common Denominator. 

In this exercise the pupil is led to perform the same opera- 
tions upon fractional units, or spaces representing certain parts 
of unity, that he has already performed upon simple units in 
the First Exercise of Book I. For instance, he is shown 
that 3 fourths added to 5 fourths produce 8 fourths, in the 
same way that 3 units added to 5 units produce 8 units. 

The Board of Simple Fractions is the only one required for 
this exercise, and in teaching it the pointers are to be placed so 
as to direct the attention of the pupils to the fractions to be 
added or subtracted. Such questions as the following may be 
put in the course of the exercise. 

Teacher. What kind of fractions have you been adding ? 

JPupiL Those that are composed of the same parts of 
unity. 

T, How do you obtain the addition of -J and 4 ? 
P. By adding 5 and 4, which gives f. Because 5 parts 
and 4 parts produce 9 parts. 

T. Why can you not add -J- and -J- in the same manner ? 
P. Because ^ and ^ are different parts of unity. 

T, What must be done in order to add these fractions ? 
P. They must be brought to the same part of unity- 
Third Line, or Line of Thirds. 

4 and i make | J from | and \ remains 

I and i make | or 1 ^ from | and | remain 

*| and 4 make ^ or 1^ ^ from | and | or 1 remain 

$ and 4 make | or 1§ ^ from § and I or 1^ remain 
And so on. And so on. 

* Read '< Three-thirds and one-third make four-thirds or one 
and one-third," &c. 
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ON FRACTIONS. THIRD EXERCISE. 



I and I make | or 1 
§ and I make | or 1 ^ 
I and § make $ or 1 § 
I and I make $ or 2 
And fio 01 



or 2 
And 60 on. 



I and I make | or IJ 
I and I make | or 1| 
I and I make | or 2 
I and § make J or 2? 
And 60 on. 



I from I and ^ remains 
§ from I and | remain 
I from I and | or 1 remains 
I from S and | or 1^ remain 
And «o OB. 

§'from i and | remains 
I from I and | remain 
I from I and | or 1 remains 
I from J and 3 or 1| remain 



I remain 
And so on. 



Then follows the addition by j, §, f, I, &c. 

Hie table here exhibited of the line of thirds, is to be extended 
to the lines of halves, fourths, fifths, &c. 

This exerdse having been sufficiently repeated, the pupils 
will be prepared to understand, that we add or suhtract frcLC- 
tions of the same denomination^ by taking the swm or difference 
of their numerators, and then placing the com/mon denomi- 
nator beneath this sum or difference. In fact \ and ^ make f , 
in the same manner, that two quantities and four quantities of 
the same kind, make six quantities of this kind, whatever these 
quantities may be. In like manner, two quantities, of any kind, 
taken from four quantities, of the same kind, leave two quan- 
tities of the same kind. 

When the fractions have different denominators, we cannot 
add them in that state, because the parts are of diflferent 
magnitudes. 
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Questions on the Third Exercise. 

Second Line, or Line of Halves. 

i. What is the sum of i and f ?....-4n«. 4^ = 2. 

ii. What is the sum of -f- and f ?....Ans, ^ = 3|-. 

iii. What is the sum of f and f ?.,..Ans. f = 4. 

iv. What is the difference between |- and f ?....Afis. |- = 1. 

V. What is the difference between -^^and -§• ?....Ans. -I = 3. 

Ti, What is the difference between ^ and ^?....Ans, 

yii. How many times is i repeated to nutke -f- ?..,.Ans, 5 
times. 

Third Line, or Line of Thirds. 

i. What is the sum of -1^ and ^?....Ans. f or 2. 

ii. What is the sum of f and l?....Ans. ^ = 3f . 

iii. What is the sum of ^ and i?....Ans, -| = 2-|. 

iv. What is the sum of 2f and Si?....Ans, ^8. = 6. 

V. What is the difference between f and ^?....Ans, f. 

vi . What is the difference between -I and -| ? ■ • • -^^* • f = L 

vii. What is the difference between 2\ and ^?....Ans» 

Because 2^ = ^ and ^ — f = f or 1 . 

viii. How many times must -^ be repeated to make ^ + f ? 
,...Ans. 6 times: because A -|- |. = |.. 

ix. If I divide an apple into 3 equal parts, and give one 
of them away, how much of the apple have I lefl?....^w*. f. 

Fourth Line^ or Line of Fourths. 

i. What is the sum of ^ and ^?....Ans, ^ or H. 
ii. What is the sum of J and ^?....Ans. ^ or If. 

iii. What is the sum of 2} and f ?....Ans. ^- or 3. 
Because 2J = f , then f + J = ^ or 3. 
iv. How many times must ^ be repeated to make ^ ?.,.. 
Ans. 5 tinles. 
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V. What is the difference between f and i?..,.Ans, f-, 
vi. What is the difference between ^ and ^?....Ans. J. 
vii. What is the difference between 2|- and ^ ?....Ans. J 
or2i. 

Because 2J = -^-and V" — f = f ^^ 2J. 

Fifth Line, or Line of Fifths. 

i. A grocer divided a cheese into five equal parts, and 
sold three of them; how much of the cheese had he left? 

' ii. A post is two-fifths of its length in the ground, how 
much of its length stands above ground ?....^n^. f. 
iii. What is the sum of -f^ and -J- ?....Ans. f. 
iv. What is the sum of f and \?....Ans. ^ or 2|-. 

V. What is the sum of 2|- and |- ?....Ans, -^ or 3|-. 
Because 2| = ^ and J^ + | = -V- or 3f . 
vi. How many times must j- be repeated to make |-?.... 
Ans, 8 times. 

vii. What is the difference between f and ^?....Ans. •}. 
viii. What is the difference between 2f and ^?....Ans. -J-. 
Because 2f = ^ axid ^ ^ ^ = i. 

ix. How many times must f be repeated to make -2^?.... 
Ans. 5 times. 

Sixth Line, or Line of Sixths, 
i. What is the sum of ■§■ and ■§■?.. ..-4w*. ^ or 1-J-. 
ii. What is the sum of f and ^?..,.Ans. ^ or 2f . 
iii. What is the sum of 5^ and ■J-?....-4w*. -^ or 5|-. 
Because by adding the fractions we have -J- + -J- = t> which 
added to 5 gives 5^, 

iv. What number must be added to If, so that the sum 
may be 4^?..,.Ans. 2|-. 

Because as the number required added to 1-|- = 4f , the 
difference between 4f and 1|- will give the number required: 
hence 4^ = ^, 1| = JgL, y _ y ^i^a. or 2f . 

V. A person sold -f- of his property, what part had he 
left?....^»*. ^. * 
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FOURTH EXERCISE. 



Multiplication and Division of Fractimis 

by a ivhole number. 

In this exercise the pupil is led to perform the same opera- 
tions upon fractional units that he has already performed upon 
simple units in the Second Exercise of Book I. In all the 
examples of this exercise the multiplier of the fraction is a 
whole number ; and the fractional divisor is contained a certain 
number of times, without a remainder, in the dividend. Other 
varieties of multiplication and division will be given in the 
Sixth and Seventh Exercises. 

The teacher may illustrate this exercise on any one of the 
lines of the Board of Simple Fractions. Suppose he. select 
the fifth line. When he points oflF f , or four fifths, with 
one rod, and •§-, or two fifths, with the other, the pupil says 
"twice •§- are f;" and conversely, "-f- are contained in ^ 
twice ;" — " the half of f is |-," and so on. In such an instance 
as this the right hand pointer is removed the space of •§-, at 
each step of the table, whilst the other rod is used to show 
the number of times that •§- are repeated. 

Such questions as the following may be put in the course 
of the exercise. 

Teacher, What do you understand by 3 times ■§■ ? 
Pupil, That ■§■ are repeated 3 times, that is, ■§- and ■§- and 

Teacher, What is meant by \ being contained in |- thre6 
times ? 

Pupil, That two-fifths can be taken out of |- three times. 

Teacher, How do you find the third of -J ? 

Pupil, If |- be divided into three equal parts, one of 
these parts is the third off; thus ■§- and f and j- or 3 times 
"I = f ; therefore |- are the third of f. 
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Teacher. Comparing this exercise with the second exercise 
on unity, do you find any difference between the multipli- 
cation of units, and the multiplication of fractions by whole 
numbers ? 

Pupil, The only difference is, that in the one case the 
results are units, and in the other fractional parts. 

Teacher, 3 times |- being -|> how do you obtain the pro- 
duct of 4 times -J ? 

Pupil. By increasing -j by -I which make \. 

In this exercise the first column is to be recited by itself; 
then the first and second columns ; and lastly the first and 
third columns. 

Second Line^ or Line of Halves, 

Fir$t Column. 

Once Que-half is \ 



Twice \ are 2 
halves or 1 

3 times \ are 3 
halves <»r I ^ 

4 X s are 4 lialves 
or 2 

5 y ^ are 5 halves 

r2i 

And so on. 

Once I is 3 lialves 
Twice $ are 6 
\ halves or 3 
3 times § are J or 



4i 



And so on. 



Second Column. 
\ is contaiiied in \ once 

\ is contained in | twice 

2 is contained in | 3 times 

9 is contained in | 4 times 

\ is contaiiied in 1 5 times 
And so on. 

I are contained in | onee 
I are contained in j twice 



Tl^ird Column, 



the half of | is 4 

the thu'd of I is i 

the fourth of | is { 

the fifth of I is 4 
And so on.. 

the half of | is § 

or 14 
the tliird of } is f 

orl4 
And so on* 



I are contained in | 3 times 

And so on. 
And so on to the Multiplication of any number of halves. 

In like manner we proceed with any other line, such for 

example as the 
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First Column* 
Once i is ^ 
Twice \ are | 
& times i are | 
4 times \ are % 

And soon. 



Fifth Line, or Line of Fifths. 

Second Column. Third Caffumn. 



2 110 2 

5 IS s 



Oxkoe 

Twice I are t 
3X|are for li 
4 X I are I or If 
^ And so on. 

Once I is I 
Twice I are | or 1 ^ 

3 X fare* or 1| 

4 X I are V or 2| 

And so on. 

ij 



i 16 contained in I once 
\ is contained in § twice 
I is contained in | 3 times 
I is contained in | 4 times 
And so OB. 

fareeotttaiaad in f onoe 
5 axe contained in | twice 
I are contained in 1 3 times 
I 9re ccxataiaed in | 4 times 
And so on. 

I are contained in | once 
I are contained in f twice 
I are contained in | 3 times 
I are contained in V 4 times 
And so on. 



thehalf of lis t 
the third of | is ^ 
the fourth of | is i 
And so on. 



.-^i 



thehalfoffisl ' 
l^e tlurd <of I ]fi I 
t^e four tb of 2 is } 
And so on. 



the half of J is | '| 
the third of | is | 
the fourth of V is J 
And so on. 



s^t 



Once 5 

Twice s are | or 1 J 

3X I are Vor2| 

And so on. 



I are contained in | once 
J are contained in | twice the half of | is f 
^ are contained in y 3 times 
And so on. 



the third of V is $ 
And so en. 



And so on to the product of any number of fifths. 

This * exercise shows that we multiply a fracticm by a 
whole number when we muUipl^ the numerator h^ that whale 
number : thus to multiply J by 5, the multiplicand ^ must be 
added 5 times, or J taken 5 times = ^. The inverse part 
of this exercise also shows, that ive divide a fraction by a 
whole number, when we divide the numerator by that whole 
number : thus ^ is the quotient of ^ divided by 5 ; or the 
fifth of -^ is J. 

It is important also to observe, that any fraction multiplied 
by its denominator gives the numerator, that is, -f- X 7 =5c 
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Questions on the Fourth Exercise. 

Second Line^ or Line of Halves. 

i . How much is 6 times f ? . . . .Ans . ^- or 9 whole numbers . 

ii. What is 4 times f ?...,Ans. ^ or 10 whole numbers. 

iii. How often are f contained in ^?....Ans, 6 times. 

iv. What is the fifth part of ■^^?.... Ans. f . 
Because ^ divided into 5 equal parts, gives us f for one 
of those parts. 

V . What is meant by f multiplied by 4 ? . . . . -4n* . f repeated 
4 times; that is|4-f4-| + f = -V-or6. 

vi . If ^ be multiplied by 3, what is the product ? . . . .Ans . ^ 
or lOi. 

Because ^ repeated 3 times give -^ or 10^. 

Third Line, or Line of Thirds. 

i. Multiply f by 6 Ans. The product is -^^ or 8 whole 

numbers. 

ii. When -f are repeated 4 times, what is the result?....' 
Ans* 4 times -f are -^ or 6|^. 

iii. What is the third part of ^?.,..Ans. -f- or 2. 
Because when -^ are divided into 3 equal parts, each of 
these parts will be -I or 2 whole numbers. 

iv. What is 7 times \?...,Ans. ^ or 4|. 
v. How many oranges should I require so as to be able to 
give two-thirds of an orange to each of 4 boys ?.,..Ans. 2|. 

Fourth Line, or Line of Fourths. 

1. How much is 8 times J ?.,..Ans, -^^ or 6 whole numbers, 
ii. Divide ^ into 6 equal parts, what will each of those 
parts he?.. ..Ans. $ or If. 

iii. What is 7 times i?....Ans. y or 3f . 
Because } repeated 7 times are y or 3|- 

iv. How often must f be repeated to make y 7.,,. Ans, 
5 times. 
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Fifth Line, or Line of Fifths. 

i. Multiply f by 6 Ans, The product is V or 3f . 

ii. Find the product when f are multiplied by 5 Ans. 

y or 4 whole numbers. 

iii. How often must f be repeated to make up y ?„,.Ans, 
6 times. 

iv. Divide y into 3 equal parts Ans, -j-or 1-J-. 

Because •§• + -f 4- f , or 3 times -f = y . 

Y. How many f can be taken out of \ ?....Ans» 3. 

Because f + f + f = 1> that is, f is made up of three ■§■. 

vi. Divide 2 apples and f of an apple equally amongst 3 
boys Ans. Each boy will receive 4 of an apple. 

Because each apple contains 5 fifths, therefore 2 apples 
and •§- will contain -y, and then if these -^ be divided amongst 
3 boys, each boy will receive the third of -y or f . 

vii. Eight loaves of bread are divided each into 5 equal 
parts, how cati I distribute thein equally amongst 10 poor 
persons ?....^n*. By giving to each person f of a loaf. 



FIFTH EXERCISE. 



Reduction of Ffactions to a Common 

Denominator. 

In the first exercise of this Book it was shown that a 
fraction becomes greater when the numerator is increased, and 
less when the denominator is increased. The present exercise 
shows how the denominator of a fraction may be changed 
without altering the magnitude of the fraction. This operation 
is important, because it enables the pupil so to adjust two or 
more fractions that they may have the same denominator, in 
which state they may be more conveniently added or compared. 
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ON FRACTIONS. FIFTH EXERCISE. 



This exercise requires the use of the Compound Board. 

When the teacher is about to introduce any square for 
the first time he is recommended to construct' the figure on 
a large scale upon the black board in the following inanner : 

The Third Square of the Fourth Line oij the Boaid 

of Compound Fractions. 



n 








J 


d 


a 


















h 














c 






m 














ft 










B e 























The vertical lines in the figure are first drawn, and the 
pupils are shown that each square is thus divided into fourths. 
Each fourth is then divided into three equal parts by the 
horizontal lines ; so that the pupils cannot fail to observe that 
each compartment, a, h, c, d, thus formed, is the third part 
of one-fourth, and at the same time one-twelfth of the whole 
square or unit. By means of this ^gmre fourths are reduced 
to twelfths. When thirds are required to be reduced to 
twelfths, the squares must be extended in the vertical direction ; 
and each square being first divi^d by the horizontal liBei into 
3 equal parts, each thir49 thus formed, is divided by the vertical 
lines into 4 equal parts. 

The exercise on this square oommenoes with tike reduction 
pf fourths to twelfths, and convei^sely; and 'conekides with the 
l^edactioa of thirds to twelfths. When the oonstructien of the 
figure has been described by the teacher, the pupil says, 
*< 1 is -Jffj" ^^^ conversely, "-^ are 1." The teacher now 
places his rod along the upright line d e, and then the pupil 
says " -J is -^;" and conversely, ^^-^ are •}■." The pointer is 
now removed to the Imefg; and the pupil says, '< J- are twice 
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tV ®^ "A" 5" ^^^ conversely, " ^ are twice ^ or -J:" \vhen the 
pointer is laid upon the line d e, the pupil says, <*-J- are 7 times 
T¥ ^ T3"*»** ^"^^ conversely, " ^ are 7 times -^^ or ^:" and so on. 
For the reduction of thirds to twelfths, the teacher places his 
rod on the first horizontal line dividing the square, the pupil 
then says, " i is ■^;*' and conversely, "-^ are ^:" the pointer 
being removed to the next horizontal line, the pupil says, 
"•f are twice -^ or 3^;" and so on. 



Second Line of Squares. 

Second Square, 

in which halves are reduced to fourths; and conversely. 
1 is ^ ^ are 1 

iisf far ' 

■| are twice f or ^ 
f are 3 times x or f 
■I are 4 X J or f 
&c. 



f arei 



^ are twice x ^^ t 
^ are 3 times ^ o'* f 
1^ are 4 X f or f 
&c. 



Third Square, 

in which halves and thirds are reduced to the same denominator, 

viz. to sixths; and conversely, 
lis* 

i is 5. 

1^ are twice |^ or |- 

■I are 3 times f or f 

1^ are 4 X I- or V- 
&c. 



i 


are 


1 








3 


are 


i 








i 


are 


twice |- 


01 


•f 




* 


are 


3 times 


3 

TT 


or 


3 


-3^ are 4 X f or 


♦ 








&c. 









lisf 
9 



o'i 



s ^° If 

J are twice f or f 
f are 3 times f or 
4> " 
&c. 



re 3 times |- or |- 
^ ai-e 4 X I or I- 
&c. 



i are 1 
i are i 



1^ are twice f or f 
f are 3 times f or ^ 
f are 4 times i or ^ 
&c. 
And so on up to the 
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Tenth Square, 

in which halves and tenths are reduced to the same denominator, 

and conversely. 



f are twice i# or |^ 
f are 3 times -J-J or fg- 
f are4x|^or|^ 
&c. 



f^arel 
■j-g- are -g- 



1^ are twice -J-J or | 
f§ are 3 times i^ or | 
i% are 4 X i^ or f 
&c. 



1 TQ 9 
1 IS -y|5- 

1 {a a 



Tff 



^ are twice ^V or ^ 
^ are 3 times ^ or ^^^ 
&c. 



I* are 1 
To are -j^ 



■A are twice- ife or ^ 
•3*^ are 3 times -j^ or y\ 
&c. 



Third Line of Squares. 

Second Square, 

in which thirds and halves are reduced to the same denominator, 

viz. to sixths, and conversely. 



1 is 



6 



IS 



f are twice |- or |^ 
f are 3 times |- or f 
&c. 



f are 1 
f arei 

f are twice ^ or | 
f are 3 times f or f 
&c. 



lis I 



is 



3 



"I are twice f or |- 
f are 3 times •§- or {- 



i are 1 
f arei 



f arei 
1^ are twice f or -I 
|- are 3 times f or 
&c. 



f orf 
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Third Square, 
in which thirds are reduced to ninths, and conversely. 
1 is f f are 1 



isf 



S •- 9 

•| are twice f , or -J 
■| are 3 times |, or |- 
^ are 4 times |^, or ^ 



i are i 



9 «*- 9 

f are twice |^, or f 
^ are 3 times f , or f 
y are 4 times f , or 4^ 



Fourth Square, 

inVhich thirds and fourths are reduced to twelfths, and 

conversely. 



1 is 



1 a 
1 a 

1 is -4^ 
T *» 12 



J are twice ^, or -^ 
are 3 times •^, or -J-| 



3 
3 

4 are 4 



Ta» 

&c. 



or 



16 

la 



If are 1 
-^arei 



-^ are twice -^, or f 
^ are 3 times -^y or f 
are 4 X -^, or f 
&c. 



1 6 

la 



1 is^ 
i are 



a 

a 
3 



are twice -5^, or -^ 



i are 



3 times ^, or ^ 
&c. 



H are 1 
^arei 



And 



-^ are twice -^, or J 
-^ are 3 times -^j or J 
&c. 
so on with the other squares, concluding with the 

Tenth Square, 

in which thirds and tenths are reduced to the same denominator, 

viz., thirtieths, and conversely. 



lis 4* 



3 

fare 
fare 



twice if, or ff 
3 times ff , or ff 
&c. 



f?- are 1 
ff aref 



ff are twice ff , or f 
f f are 3 times ff , or f 
&c. 



1 is 



1 



IS 



30 

3 

To 



^ are twice ^, or ^^ 
^ are 3 times -^, or -^ 
&c. 



ff are 1 
"To are y^ 



10 •*'^ 10^ 

■^ are twice ^, or ^ 
« — 3 times ■^, or ^ 
&c. 



ifirare 
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This exercise proves thai if the numerator and denominator 
of a fraction he multiplied by the saxne number^ the fraction 
is not altered in value. It will also be seen that as by multi- 
plying the denominator of a fraction by 2, 3, 4, Sec, we reduce 
the fraction to one-half , one-third, one-fourth, &c., of its first 
value; so on the other hand, by multiplying the numerator 
of the fraction by 2, 3, 4, &c., we increase the value of the 
fraction as much as we decreased it in the former case. These 
principles are rendered very evident in the above exercises. 

In like manner, it is obvious, that the value of a fraction 
is not changed by dividing the numerator and denominator by 
the same number. 

A fraction is expressed in its least terms, when the nume* 
rator and denominator have no common divisor. 

Two fractions are, in general, brought to a common, that is, 
to the same denominator, by multiplying the numerator and 
denominator of each by the denominator of the other. 

In the foregoing exercise, fractions have been considered a& 
a part of a unit of a surface ; but it may not be inappropriate 
to exhibit the same results, when the unit is assumed to 
be a line or a solid. Let A and B represent two rods, or 
j^ I » t I I t I tiffo lineal units, one foot each ; 

g I t I 1 t I I A is divided into 2 equal parts, 

and B into 3. In order to reduce the halves thus formed 
on the first line, and the thirds, on the second line, to a common 
measuring fraction, we must divide each half into 3 equal 
parts, and each third into 2 equal parts ; for by so doing, both 
rods will be divided into six equal parts, or sixths. Hence we 
have, on the rod A, as in the above table, i=^; t~I^5 ^^•> 
and on the rod B, ^=|-; i=i; |-=f« By means of these 
rods the formation of compound fractions may also be shown ; 
for example, on the rod B, we flee that the half of ^ is ^, and 
so on. 

Again, if an apple be divided into 3 equal parts, each part 
would be called a third ; and if each third be then cut into 2 
equal parts, the whole apple would be divided into 6 equal 
parts, and therefore each part would be called a sixth, two of 
such parts would be two sixths^ which are the same as one- third. 
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Let it be required to show the sum of one- third and onb- 
half. By the above reasoning, one-third is the same as two- 
sixths ; and proceeding in the same way, I show that one-half of 
an apple contains three-sixths, and consequently the sum of 
the third and the half will be the addition of two sixths and 
three-sixths, which are equal to five-sixths. 

Other fractional operations may, in a similar manner, be 
exhibited. But it is obvious that such processes are more 
conveniently performed with the assistance of the Table of 
Compound Fractions. 



Questions on the Fifth Exercise, 
Second Line. 

Second Square. 

i. Reduce -J- and i to the same denominator Am, 7 and 

^ ; because 1 = ^> and -J- = the half of -J-, that is, J. 

ii. Reduce ^ to fourths Ans. j^. 

iii. Reduce f to halves Ans. |-. 

iv. How would you cut a half of a cheese into eighths ? 

Third Square. 

i. In f how many sixths ?....-4n*. f; because l=f, and 
^ = the third of |-, that is |^ ; therefore |- = twice |- or f . 

^ ii. Bring \ and ^ to the same denominator Ans, % and f . 

iii. Reduce |- to its least terms Ans» 4* 

iv. On which square do you find -I and f brought to the 
same denominator ? Ans, On the third square of the second 
line, where halves and thirds are brought to sixths. 
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Fourth Square. 

i. How many eighths would there be an the half of this 
red ?...^n4. f . 

ii. .What are the fnaietions 'whLt!h!thk^uareTedufieB .to the 
same denominator ?..»,id«a» Hahres and iburtlny .wiiich >axe 
reduced to eightiuL 

liL Eieduce ^iu>ii» .least tterm«M...^i«tf . ^. 

Procf. -i contame ^ f^contaiv <ft ai^d i eontaiii •!• 

Fifth Square. 

i. Reduce -^ to its least terms Aim, •§-. 

ii. Bring ^ and f to a common denominator... ,..^li}^. -^ 
and -^. 

iii. To what fraction must I bring -I and ^, so that I may 
be able to add them?....iln^. Tenflis, as shown on the fifth 
square of the second line. 

And so on to the sixth, aeyenth^ eighth, ninth, and tenth 
squares. 

Third Line. 

-Second Square. 

i. What fractions are reduced by this square fto tJie aame 
denominator ?.,..Ans. Hahres and thirds. 

ii. In one half how many sixths ^....^n*. Three sixths; 
because 1 = f .; and therefore i = the half of f , that is f . 

iii. Reduce ^ and \ to fractions having a common denonii- 
nator Ans. f and f. 

Proof. This operation must be performed on a square 
which contains halves and thirds, namely, the second square 
of the third line ; where we observe that i contains f , and 
f contain f. 

Third Square. 

1. How many ninths are there in i ?....^nj. |-; because 1 
contains ^ ; and therefore ^ contains the third of I, that is, f . 

ii. What is the common denominator to which fractious 
are reduced by this square ?.....^4nj. Ninths. 

iii. Reduce ^- to thirds Ans. f. 
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VovBtiii Square. 

i. 'Reduce } and -| to fractions having the same denomina- 
tor Ans^ -^ and -^, 

iu In -I how many twelfths ?..,.Ans. -f-l. 

iii. Reduce -^4 to thirds Ans, ^. 

iv . Reduce -^ to four^ Ans. f-. 

V. IIow many twelfths can I take out of f ?....^nj. 8 
twelfths. 

Fifth Sq[uare, 

i. What fractions are reduced to the same denominator hy 
this fiqoare ?,.,.Ans. Thiids andfiftl^. 

ii. In .3^ how man^ thirds ?....2^im. ^. 

iii. Reduce ^ and |- to the same denominator Ans, -ff 

and^^. 

And so on to the sixth, seventh, eighth, ninth, and tenth 
squares. 

JFourth Line. 

Second Square. 

i. What fractions are reduced by this square to the same 
denominator ?.,.,Ans> Halves and fourths. 

ii. In |- how many eighths ?..„Ans. -f. 

iii. Reduce i and f to eighths..,.. .^il». ^ and |- 

Third Square. 

i. In f how many twelfths ?....^nj. -^ ; because 1 contains 
^, and ^ contains the fourth of -J^,' that is ■^; therefore J= 
3 times ^, or ^. 

ii. What HI the common denominator to whioh fractions 
are reduced by this square ?..,.Ans, Twelfths. 

iii. Reduce •}•, \y and j- to equivalent fractions shaving like 
denominators..... ./In^. -^j -^y and -^. 

iv. Reduce -^'to its lowest terms, andriell me on which 

line and square it is done Ans. -^ are-}, and it .is done on 

the third square of the fourth line. 

E 2 
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V. How would you bring the third of an orange, and the 
fourth of an orange, to the same parts ?....^n^. By dividing 
the third into four equal parts, which would give -^ ; and 
then dividing the fourth into three equal parts, which would 
g>ve ■^. 

The additions and subtractions performed in the third 
exercise, were restricted to fractions having the same denomi- 
nator; but as the pupil is now enabled to reduce any two 
or more fractions to that state, it will be desirable to terminate 
this exercise with a few questions in the 

Addition and Svhtraction of Fractions 
having different Denominxitors. 

In proposing these questions the teacher is recommended 
to have the particular square referred to, drawn out upon an 
enlarged scale and placed before the Class. 

On the Board of Compound Fractions. 
Second Line of Squares. 

Second Square. 

i. Add i and ^ together Ans> f , because i = f ; there- 
fore f + i = *. 

ii. Add f and J together ^in*. f = 2J, because f = J; 

and J + i = f , or 2^. 

iii. What is the difference between 2;^ and l^?....-4n#. f. 

Third Square. 

i. What is the sum of \ and \ ?..,.Ans. -f. 

ii. What is the sum of i and i?....Ans, -J- = 1-J-. 

iii. What is the sum of Ii and li?.„.Ans. ^ = 2f 

iv. What is the difference between f and i?....Ans. i*^ 

because f are |^; anE ^ are f ; therefore f less by f = ^. 
V. What is the sum of -J and i?....Ans. f = i- 
vi. Two-thirds of a cheese, and |;he one-sixth of the same 

cheese, make up what part of the whole cheese ?.„.Ans. |-. 
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Fifth Square. 

i. Wbat is the sum of i and ^?....Ans, -^; because 
J = ^; and I = ^; therefore -A^ + -^ = A- 

n. What is the sum of 1-J- and ^?....Ans. ^ = 2-^; be- 
cause 1^ = 1- = 11; 1 = -^; therefore ^ + ^ = |^ = 

ill. What is the difference between 4 <u^ i?...,Ans^ -^ 
because i=^-^; and ^= -j^; therefore ^ — ^ = -^. 
iv. What is the sum of \ and -^ ?....Ans, -^ = -J-. 
And so on to every square in this line. 

Third Line of Squares. 

Third Square. 

i. What is the sum of i and ^ ?..,.Ans. ^. 

iL What is the sum of } and ^?..,.Ans. 4. 

iii. What is the sum of 1^ and l^?....Ans. 2^. 

iv. What is the difference between f andf ?.. .^n^. ^; 
because f = f ; and therefore ^ — |^ = ^ ? 

Fourth Square, 
i. What is the sum of ^ and i ?....Ans. i^. 
ii. What is the sum of i and J ?....Ans* \i = l-^j* 
iii. What is the sum of f and ^?..,:A7i8. \^, 
iv. What is the difference between 2^ and li?..,.Ans. \^ 
= 1 Jiy ; because 2^ = ^ = f| ; and H = f = jr 5 therefore 

And so on to any other square. 

Fourth Line of Squares. 

Second Square, 
i. What is the sum of i and -I- ?.,.,Ans, f . ' 
ii. What is the sum of J and f ?.„.Ans, I. 
iii. What is the sum and difference of ^ and -|?.,..-4/w, ^ 
and |. 
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Fourth Sqjaaare. 

i. What is the sum of i and ■^?..,.Aim. |^. 

ii.' What is the difference hetween f. and.-^ l^^Am, ^^ 

iii» A post is-}- in the mudy. and -^ in the water^ how 
much doe» it staud above the water ?....2^im^ -^^ 

Fifth Square. 

i» What 16 the sum of | and |?....^k^. 1^. 

ii. What must I take away from ^ to leave -J^P.^.-Aw. •^. 

&c.^ &Cv Sec. 

Fiftii Line of Squares. 

Third Square, 
i. What is the sum of \ and -^ ?;...-4m^. -5^. 
ii. What is the sum of \ and ^?.....4#w. -^ = ■§-• 
iii. What is the sum of \ and r^? ,.„Ans. -^^ 
iv* What must he added to f to make |J- ?....2liw. •^. 

Fourth Square* 
i. What is the sum of J and -^ ?..o-4#w. -^ ='i^. 
ii. What is the sum of ^ and -^?.„.Ans. ^ = J. 
iii. What is the sum of J and ^7..,.Ans. ■^. 
iv. Whai^ is the sum of f and f ?....^nj. f| = 1^. 

&€•, &C., &o. 

Hfth Square. 

i. ' What is the difference hetween i and -^ ?...,Ans. •^. 
ii. What is the difference between -f 9Sid^-j^?.^*Ans, ^. 

&C.9 &C«^ &6.V 

Sixth Square* 

i. What is the sum of ^ and -^ ?....2f7i*. ^ = -1^. 

ii. What is the sum. of -J- and i^?....^nf. -^. 

iii. What is the sum* of ^ and -^ ?......^^». jf^- 

&c., &c., &c. 
And so on to other squares in this line. 

In like manner questions on the squares contained in the 
sixth, seventh, eighth, &c. lines may be given. 
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SIXTH EXERCISE. 



MuUiplicatimh ofFro/ctUms. 

The varieties of multiplication by* fFaotiom, to which 
reference was nnide in the fourth exercise, may now be studied. 
For the sake of coni^nienoe in teachings this exercise is 
divided into three cases. l6t. Multiplication of a whole number 
by a fraction. 2nd. Multiplication or a fraction by a fraction 
when the numerator of each fraction i& unity. 3rd. Multi- 
plication of a £^acti<»i by a. fraction, when the numerators are 
whole numbers. For the illustration of the first case, the 
Board of Simple Fractions* i» required ; for the second case 
tke Board< of Compound Fractions; but for the third case 
both boards will be required. The proper board to be used 
will be stated before each table. 



Case I. Multiplication of whole numbers by a 
fraction, or the firwtion of fr whole mmber. 

To demonstrate the operations performed with the assistance 
of this table, it will be found convenient, in certain cases, ta 
draw a few squares, according to the form given in the 
diagram below, where the space, a, ft, c, rf, for example, repre- 
sents "4 times the \ of 2 whole numbers, or 4 times f, that 
ia i." 



*^ 



4 
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On the Board of Simple Fractions. 

Second Line, or Line of Halves. 

^ of 1 whole number is \ 
twice the ^ of 1 w. n. are f 
8 times the ^ of 1 w. n. are |- 

And so on. 
J of 2 w. n. is |- 

twice the |- of 2 w. n. are twice I-, or 4 
3 times the -3- of 2 w. n. are 3 times f, or -f 

And so on. 
^ of 3 w. n. is f 
twice the ^ of 3 w. n. are twice f, or |- 

3 times the ^ of 3 w. n. are 3 times f, or |- 

4 times the |- of 3 w. n. are 4 times f , or -^ 

And so on. 

The teacher then goes on with the halves of 4, 5, 6, &c., 
whole numbers. 

Third Line^ or Line of Thirds. 
"J^ of 1 w. n. is i 
twice the ^ of 1 w. n. are f 

3 times the |^ of 1 w. n. are -f 

4 times the ^ of 1 w. n. are f 

And so on. 

■|- of 2 w. n. is f 

twice the J of 2 w. n. are twice f , or ^ 

3 times the -| of 2 w. n. are 3 times f , or -| 

4 times the |^ of 2 w. n. are 4 times f , or -I 

And so on. 

^ of 3 w. n. is f 

twice the |^ of 3 w, n. are twice f, or -I 

And so on. 

^ of 4 w. n. is 4 

twice the ^ of 4 w. n. are twice •!> or f- 

And so on to the thirds of 5, 6, 7, &c., whole numbers. 
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Fourth Line^ or Line of Fourths. 

7 of 1 w. n. is i 
twice the ^ of 1 w. n. are |- 
3 times the :} of 1 w. n. are J 

And so on. 

J of 2 w. n. is J 

twice the ;}• of 2 w. n. are twice J, or ^ 

3 times the.^ of 2 w. n. are 3 times |-, or J 

4 times the :J of 2 w. n. are 4 times f , or J 

And so on. 

J of 3 w, n. is J 

twice the ^ of 3 w. n. are twice J, or J 

3 times the ^ of 3 w. n. are 3 times j-, or ^ 

4 times the J of 3 w. n. are 4 times }, or -^ 

5 times the ^ of 3 w. n. are 5 times f , or ^ 

And so on to the fractional parts of 4, 5, 6> &c., whole 
numhers. 

Fifth Line, or Line of Fifths. 

■J- of 1 w. n. is -J- 
twice the -J- of I w. n. are •§• 
3 times the -j- of 1 w. n. are f 

And so on. 

•}- of 2 w. n. is •{- 

twice the j- of 2 w. n. are twice •§-, or f 
3 times the -J- of 2 w. n. are 3 times f , or ^ 

And so on. 

-J- of 3 w. n. is |- 

twice the -J- of 3 w. n. are twice f, or |- 
3 times the j- of 3 w. n. are 3 times i, or f 

And so on. 

■J- of 4 w, n. is f 

twice the -J^ of 4 w. n. are twice f , or f 

3 times the ^ of 4 w. n. are 3 times f , or -^ 

And so on to the fractional parts of 5, 6, 7, 8, &c., whole 
numbers. 

E 3 
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Sixth Line> or Line of Sixtihs. 

•}- of 1 w. n. is ^ 
twice the ^ of 1 w. n. are •§-' 
3 timeB the -J- of 1 w. n. are f 

And 80 on. 

•}- of 2 w. n. is •§- 

twice the ^ of 2 w, n. are twice |-, or ^ 
3 times the -}- of 2 w. n. are 3 times ^f or |- 

And 80 on* 

^ of 3 w. n. is -1 

twice the ^ of 3 w. n. are twice ^, or ^ 
. 3 ^mes the •}- of 3 w. n. are 3 times f-, or j- 

And so on to the lines of sevenths, eighths, ninths, &c., &c. 



Questions on Case I. 

Line of Halves, 

i. What is the half of 3?....^*. f; because the i of 
1 = |-, and therefore the ^ of 3 = 3 timee ^, that is f • 

ii. What is 3 times the -J- of 5 ?,...An^. V" = ^i • because 
the i of 5 = f , and therefore 3 X ^^ of 5 = 3 X f or V"- 

&c, &c. 

Line of Thirds. 

i. What is 7 times the J of 5 whole numbers ?....-4«*. ^ 
or llf ; because the i of 5 whole numbers is -I, and 7 times 
the i of 5 whole numbers are 7 times |- or ■^. 

ii. Wliat is f of 4 feet ?....Ans, 2 feet and f ; because the 
third of 4 feeT is ^ of 1 foot, and twice the -y of 4 feet are 
twice 4 or "I of a foot, which are 2 feet and f . 

Line of Fourths. 

i. What is the fourth of 3 ? ....Ans, f ; because the fourth 
of 1 = J, and therefore ^ of 3 = 3 times i, that is f . 

ii. What is 3 times the ^ of 7 ?„„Ans. ^ or 5*}; because 
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the i q£7 =i, and therefore 3 times the ^ of 7^8 times i 
= jjL or 5}. 

iii. What does it mean to multiply 7 by i?,».Ans. That 
the fourth of 7 is to be taken 3 times. 

Line of Fifths. 

i. How many fifths are there in the fifth of 9 ?....^n«..f ; 
because •)- of 1=7: and therefore the -I- of 9 = 9 times \ 
orf 

ii. "What is the -J- of 1 1 ? ....Ans, ^=^ 2^ ; because -J- of 1 =t 
and the I of 11 = 11 times | or ^ = 2|. 



Money, Weights, and Measures. 

Line of Halves. 

i. What is the ^ of 5L?.... Ans* 2L lOs.; because the i of 
51, is |-. The ^of IL is 10^., and fl. are 5 times 10^. or 21, lOs. 

ii. If 2 yards of cloth cost 3*., what will 7 yards cost?.... 
Ans» 10«. 6d.; because one yard will cost the i of 3#.> that i8> 
I*., and therefore 7 yards will cost 7 times f or ^s., which 
are 10^ shillings = \0s. 6d, 

Line of Thirds* 

i. If 3 lbs. cost 7*., what will 11 lbs. cost?....-4n*. 
1/. 5s. Sd, ; because 3 lbs. cost 7s,y 1 lb. will cost the ^ of 7^., 
that is, i of SL shilling ; 1 1 lbs. therefore will cost 1 1 times -^ 
or ^s.y that is, 25f«.= l/. 5^. 8d, 

ii. What is the i of 1 lb. ?...Ans. 5i ozs. ; because 1 lb. 
contains 16 oz., and the ^ of 16 is -^ or 5^ oz. 

Line of Fourths* 

i. If 4 articles cost 9^1, what will 5 cost ?...Ans. ll^rf. ; 
because if 4 cost 9c?., 1 will cost the i of 9d. or f of a penny ; 
and 5 will cost 6 times f or -^, that is, 1 Hd, 

ii. What is the i of 1 1/. ?..,Ans. 21. 15*. ; because the i 
of 11 is J^; the i of 1/. is 5*., and ^ of 1^. will be 11 
times 5*. or 2/. 15«. ^ 
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ON FRACTIONS. SIXTH EXERCISE. 



Miscellaneous Questions on Case I. 

i. The fifth of 3/. is what part of a pound ?....^n^. \, 
ii. Twice the fifth of a lh« is what part of an ounce ? 

,„.Ans. -y-. 

iii. How many feet are there in f of a yard ? . . . . Ans. -^ = 2f 

feet. 

iv. What is the i of 3/. ?..„Ans. 15s. ; hecause the J of 3 
is f ; the ^ of H. is 5^., and f of 1/. are 3 times 5^. or 15^. 

V. What is the \ of 2*. ?....Ans. 8d. ; because the -J of 2 
is f y the ^ of 1^. is 4^.> and f of 1^. are twice 4d. or Sd, 

vi. What is 3 times the -J- of 1 lb. ?....Ans, 9|- ozs. ; be- 
cause in 1 lb. there are 16 oz. ; the ^ of 16 is -^, and f of 16 
are 3 times -^ or ■^= 9|-. 

vii. What is 7 times the -^ of 11 yards ?....-4n^. 8{- yards ; 
because the -(^ of 1 1 is ^^ and 7 times the -J^ of 1 1 are 7 times 
J^orV-=8f 



Case II. To multiply a fraction by a fraction, or 
the fraction of a fraction, when the numerator 
of each fraction is 1. 

On the Board of Compound Fractions. 



Second Line. 



Thehalfofi = i 
The half of j = | 
The half of i = i 
And so on up to 
The half of ^ = ^ 



The third of i = ^ 
The fourth of i = -J- 

And so on up to 
The tenth of | = ^ 



Third Line. 



The third of i = ^ 
The third of i = ^ 
The third of i = t^ 
And so on up to 



The half of i = i 
The third of i = ^ 
The fourth of i = ^V 

And so on up to 
The tenth of i = ^ 
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And so on until we arrive at the 
Tenth Line. 



The tenth of i==^ 
The tenth of i = ^ 
The tenth of i = ^ 
The tenth of -J- = -jJ^ 

And so on up to 
The tenth of ^^^ = y^ 



The half of ^ = ^^ 
The third of ^ = ^ 
The fourth of ^ = ^ 
The fifth of ^ = ^ 



Questions on Case II. 

Second Line, 
i. If I divide the line A D into three equal part8> — 

i : I ' 1 ■ J 

what part of the whole line is one of these parts, as AC?.... 
Ans, One-third. Because it is one of the three equal parts 
into which the line is divided. 

Let thi^ third be divided into two equal parts at n, what 
part of -J^ will one of them (a ») be ?....Ans. i of \. 

But what part of the whole line is An?.,..Ans. One 
sixth. Because each third contains two equal parts, and the 
whole line is thus divided into 6 equal parts. 

What does this prove ?....-4n*. That the -J- of ^ is -J-. 

ii. What is the half of a half ?....-4«*. ^; because when a 
half is divided into two equal parts, one part is the fourth of 
the whole. 

iii. What is meant by the half of ^ ?..,.Ans. That if the unit 
be divided into five equal parts, then the half of one of these 
parts is the -}- of •}-, which will be -^j^, 

iv. Where do you prove that the i of -J- is -jJy ?..,.Ans. On 
the sixth square of the second line on the Compound Board, 
where the unit is divided into six equal parts by horizontal lines, 
and each ^ thus formed is divided into two equal parts by an 
upright line, making 12 of these in the whole unit, hence the 
i of I is -^. 
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V. Multiply i by i An$, ^, To take i one-half tiiues 

is the same as the i of j-, which is •{-• 
Ti. What is •)- of 'f ?..,.Ans. -^^ 
vii. "Vfhst i% i of i? ..,.Ans, -^^ 
viii. What is |- of -^ ?„„Ans. ■^. 

Third, Line. 

i. What is -(^ of -1^ ?..,.Ans. -J- ; because if a third be divided 
iuto three equal parts, there would be nine of such parts to 
make up the whole unit, hence 7 of ^=-^. 

ii. Where do you find the -|- of ^?,.„Ans, On the fifth 
square of the third line. 

iii. Show by the division of a line that the ^ of J is -^. 
.M.^^» In the following figure, the part a & is the third of ^ 

KH — I - 11 

i i i i 

and at the same time the twelfth part of the whole line or 
imit. 

iv. Multiply ^ by -J Ans. -^^ 

V. Multiply i by \ Ans. ■^. 

vi. Multiply -Jg- by ^ Ans. ^. 

vii. Show how John can give his friend the third of one- 
half of an apple. 

Fourth Line. 

i. Where do you find i of •}■ ?.M.^nf . On the fifth square 
of the fourth line. 

ii. What is i of \?..., Ans, -^^ 

iii. What is J of ^ ?....Ans. -^. 

iv. What is J of -f ?....Ans. -^. 

V. Multiply -I" by ^ Ans. •^. 

vi. Multiply -J- by ^ ?....Ans. ■^. 

vii. If an orange be divided into three equal parts, into 
how many pieces must I cut one of these parts so as to obtain 
the one-twelfth of the orange ?....Ans. 4 pieces. 



MULTIPLICATION. HI 

Fifth Line. 

i. Where do yoa find the ^ of -f ?....^^. On the seventh 
square of the fifth line. 

ii. Show hy the division of an apple that the -§- of -I- is ■^. 
...,Ans, First I divide the apple into three equal parts> each of 
which is \, I then divide each third into five equal parts, each 
of which will therefore he the 7 of -|^ ; and the whole apple is 
now divided into fifteen equal pieces : hence the 4- of ^ = -3^. 

iii. What is the t of y ?....Ans. ^. 

iv. Show now by a direct process that the ^ oi ^ is ■^, 
,...Ans. 1 = ^, and i = the half of fS^ or -j^; therefore the 
fifth of i is the fifth of ^ = ^, 

Similar questions may be given on the remaining lines* 



<f t ' V ' 



Case III. When the numerators of the fractions 

are whole numbers. 

I. On the Board of Simple Fractions. 

Line of Thirds. 

The half of | is i 
3 times i of f are 3 times i or |^ 
*4 times -5- of f are 4 times i or ^ 
6 times i of f are 5 times y or f 

&c. 

The half of f is f 

Twice the ^ of f are twice f or 4 

3 times i of 4 are 3 times f or f 

4 times -5- of 4^ are 4 times | or |- 

5 times i of f are 5 times f or ^ 

&c. 



• Read " Four times the half of two-thirds are four times one- 
third, or four-thirds. " 
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The half of 4 is 4 

3 times the i of f are 3 times f or f 

4 times 1 of f are 4 times f or -^ 

5 times ^ of 4 ^^^ ^ times -| or -2^ 

6 times i of | are 6 X f or -i^ 



The half of | is 4 

Twice the i of -J are twice -f or -I 

3 times 1 of -I are 3 times ^ or -^ 

4 times i^ of -I are 4 times 4^ or -^ 

5 times j^ of -| are 5 times ^ or '^ 



And so on to the processes beginning with 
The i of J^ is I 
The i of -2^ is I 

The i of ^^ is -|^, and so on. 



The i off is -^ 

Twice i of f are twice i or f 

3 X i of f are 3 X i or I 

4 X i^ of f are 4 X J or f 

&c. 



The J of I is f 

Twice the i of J- Jare twice f or ^ 

3 times the i of -I are 3 times f or -J 

4 X i of I are 4 x f or | 

&c. 



The i of J^ is I 

Twice 4- of -y- are twice f or |^ 

3 times i of -^ are 3 times f or f 

4 times ^ of -^ are 4 times -y or -y- 

&c. 
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Theiof-V^isf 

Twice iof-^ are twice 4- or ^ 

3 times j- of -^ are 3 times |- or -^ 

4 times i- of -^ are 4 times ^ or -^^ 

And so on to the processes beginning with 
The i of ^ is I 

The i of Y is | 

The ^ of -^ is i, and so on. 

The I of 4 is -^ 

Twice -J- of "I are twice -J or |- 

3 times j- of -| are 3 times •}- or f 

4 times 7 of -f are 4 times -|^ or ^ 

• &c. 

The^ofJ^isf 

Twice the -J- of -^ are twice f or ^ 

3 times •)- of -^ are 3 times f or -f 

4 times -J- of -^ are 4 times i or -I 

&c. 



Thelofijf isf 

Twice the -J- of -^ are twice -| or -f 

3 times i of ^ are 3 times f or |^ 

4 times -J- of -^ are 4 times -| or -^ 

&c. 

The^-of^iaf 

Twice the -J- of -^ are twice f or -J 

3 times ^ of ^ are 3 times f or ^ 

4 times y of -^ are 4 times 4^ or -^^ 

&c. 

And so on to the processes beginning with 
The -J- of i^ is -I 

ITielof^isf 

The i of ^ is I 

In the same manner may the tables of halves, fourths, 
fifths, sixths, &c., be constructed. 
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QmestioBs on Case III. 

Line of Halves. 

i. What is the | of f ?...,Ans. f = H- 

ii. What is the | of ^ ?....-4#w. | = 2i. 

iii. What is the | of lOf ?....Ans. f = 1 J; because 1 OJ = 
■V-> and the sevMtfa of -^ = f or l-J. 

iv. What is the half of | ?....Ans. J = 1 J ; because f = V» 
and the half of -^^ =i, or If. 

v. What is f of f ?....Ans. 4 or 3 ; because the third of 
f is f , and therefore twice the third of f are twice f = |^ or 3. 

Line of Thirds. 

i. What is the i of J^ ?.,.. Aw» 4 ®^ H* 

ii. What is the i of ^^ ?,...-Aw. f • 

iii. What is the i of ^? .... -4n*. ^ = 3^; because the 
fifth of -^ is -I ; and therefore twice -J- of -^ is twice | = -^^ 
or3|. 

iv. What is meant by f of -1/ ?..,.Ans. That the fourth 
of i^ which is -|» is to be taken 3 times. 

V. What is the product of -^ by 2i?.,..Ans. ^ = 18^; 
because 2-|- = -f, and 5 times i of -^ are 5 times -|, that is -^. 

Line of Fourths. 

i. What is I of Jj^?....^*. i = H. 

ii. What is f of J ?.,..Ans. ^ = ly. 

iii. What is f of ^?.,..Ans. J = 2J. 

iv. What is | of 2^ ?....Am. -f- = 2. 

V. Multiply -J by |^ ^nj. J = i- 

vi. Multiply f by f .4n#. J = i* 

vii. Multiply 3 J by -^ Ans, J = i • 

viii. Multiply 6j^ by |-....^7W. -J;^ = 3}. 
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Line of Rfths. 

i. What i» tBe f of f ?.,,,Ans. f- 

ii. What is the i of 3f?.„.Ans. Y = 3. 

iii. Multiply 3| hy !•} Ans. ^ = 4;. beoauBe 3^ s -l^ ; 

and li = ^; thei^fored x i of -1^ = 5 x f or^s:4. 

&c., &c.> &c. 



Money^ Weights, and Measures. 

Line <rf Halves. 

i. f of f of 1/. ?.,„Ans, SI. ; becaofie twice the ^ of f are 
twice f or -I = 3. 

ii. 5 times the | of V* of 37. ?....Ans. ^. = 22/. 10^. 

Line of Thirds. 

i* |rof-V^of21bs. ?.....^^. 2f lbs.; because f of i^ are 
twice f or 4^ ; then 4^ of 2 are 4 times f or -I = 2f . 

ii. f of -I of I cwt».?....^nj. 2 cwts. 

Line of Fourths. 

i. -|^ of f of 1/. ?..,.Ans. 5s. ; because -|^ of f is ^» axxl the 
i of 1/. is 5^w 

ii. io£ i of Is. ?.^.Ans. i of l«.,..or 9d. 



Case m., continued. 
On the Board of Compound Fractions. 

The nunsber of fcnrms in which two. fractions may be multi- 
plied together, being ailmost endless, we shall merely give a 
spectmsB srising' out of the third square of the fourth line, 
the secoad of the fifCh^ and the fourth of the sixlii. In order 
to extend the table, the teacher will find it convenient to draw 
on a large scale, the figures anwszed t^ each table after the 
numner shown at page 92. 
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Third Square of the Fourth Line. 


iofi = TV 




i0fi = TV 


*2xiofi = 2x-^or 


s 

\1 


iof} = Aori 


3xioti = 3x^ot 


s 
13 


iofi = Ao'i 


4xiof | = 4x-^or 


A 


iofi = ^ori 


5xiofi = 5x-^or 


5 

11 


iofi = A 


iof} = A 




Jofi = ^or^ 


2xiof} = ^V 




Jof| = Aori 


3xiofJ = T!ir 




iofi = Aori 


4xiofJ = TSr 




iofi = TS^orf 


&c. 




&c. 


iof| = .A 




Jofi = ^ori 


2xiofJ = A 




*off = T!Vori 


3xiofJ = A 




*oH=Aor| 


4xiofJ = 4| 




|of4 = Horl 


5xiofJ = i4 




*ofi = Horf=l|. 


&c. 




&c. 


And so on to the fractl< 


onal parts of |, J, ^ &c. 


Second Squi 


are of the Fifth Line. 


iofi = ^ 




iofi = TV 


Twice^of| = 2XT^or- 


9 
TIF 


ioH=^oti 


3xiof| =3x^or 


S 

16 


iof| = ^ 


4xiof4^ = 4XT^or 


iV 


iof4=Aorf 


5 X J of ^ = 5 X yV 01^ 


1^ 


iof| = T^ori 


iof| = A 


■ 


fofi = Aori 


- Twiceiofi = ^ 




fof|=^ort 


3xioff = T!V 




*of| = T!Vorf 


4xioff = ^V 




lofi = TVorf 


&c. 




&c. 


iof* = A 




* of i = ^ 


2xioff = ^ 




io{i = ^ovi 


3xioff = TiV 




i0ff=T>V 


4xloff = H 




foff = Hor*=li 


5xiof|. = 44 




fof*=«o'li 


&c. 




&c. 


And i 


so on 


as before. 



• Read " Twice the third of one-fourth are twice one-twelfth 
or two-twelfths.'* 
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Fourth Square of the Sixth Line, 
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■^ 



2 X iof^= ! 
3xJofi = 3x^or^ 

4 xiof^^ = 4 x^or^^ 

5 X ^of^ = 5 X ^or^ 

6 X i of I = 6 X Vy or ^ 

&c. 



iofi=A: 
iof} = -^or^ 

ioff = A 
Voff = Aori 



&c. 



ioff 
2 xioff 

3 Xi0f|: 

4xiof|;= 

5 X Jofi: 

&c. 



s 

6 
8 



*of f = 
*ofJ = 
|off = 
*off 



Aori 
«orA 



2 X 

3 X 
4 



iofj 
iof^ 
ioff 

off 



T — 



3 



= A- 



&c. 
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fofj 
*ofJ 
*of| 

iofi 



&c, 



= Aori 
= Aor4 

= if ori 



In general we multiply by a fraction when we take the part 
or parts of the multiplicand indicated by the fractional multi- 
plier. For example, in order to multiply f by f, we have to 
take the fifth of f four times ; thus the fifth of % is r^, and 
four times the fifth of f are four times -^ or -j^. To multiply 
a fraction by a fraction, therefore, we have only to multiply 
the numerators by one another, to give the numerator of the 
product, and the multiplication of the denominators gives the. 
denominator of the product. Hence the fraction of a frac- 
tion, is the same thing as the multiplication of a fraction by 
a fraction. This view of the multiplication of fractions is 
evidently a simple extension of the principle of the ordinary 
definition of multiplication ; for adopting the common lan- 
guage, we might say, f multiplied by f , is an operation 
whereby we take f four-fifths of once. 

This exercise also shows that we may divide a fraction 
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by a whole number in two wcLys ; Ist, by dividing the nume- 
rator of the fraction by the divisor; and 2nd, by multi- 
plying the denominator of the fraction by the divisor. Thus 
the fifth part of f may be determined in two ways ; 1st, f 
are |f , and the fifth bf ii is ^; 2nd, the fifth of f is twice ^ 



■^^^^ 



Questions on Case HI., continued. 

Third Square of the Fourtli Line. 

i. What is twice the i of j^ ?.,..Ans. ^i%^=^i\ bccauae the 
third of |> is -^ and twice the third of |- are twice ^ = ^. 

ii. What is ^ of \?....An8. |f = f = 1|. 
: iii. What is J of I ?...-4fw. 14 = *. 

iv. Multiply f by l^- Ans. |f = *. 

V. Where shtfll I find f of i'i....An8. On cthe third 
square of the fourth line ; because I have there the thirds of 
fourths. 

Fourth Square of the Fifth Line. 

i. What is f of J 7....Ans. -A" = "nr » hecause the ^ of J 
is -A, and therefore •§• of J twice -^ = -A- 

ii. Multiply |^ by \..„.Ans. -J* = f ; because ^ of f = ^, 
and therefore 5 x i^ of f = 5 times ^ = \^. 

&c.^ &c. 

Second Square of the Third Line. 

i. What is f of ^'^....Ans, J^= 2J; because the -J- of f 
= 4, and therefore 3 x J of -J = J^ 

ii. What is f of \?.,,.Ans. ^ = | = If. 

iii. What is the product of 2^ by li?.„.Ans. ^ = 3J ; 
because 2|^ = f and I J = ^, therefore ^ of f = 4 times f 

&C.; &c. 



^ = 3i 
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Seventh Square of the TiAtd Line. 

i. What is 4 of f ?..„Ans. ^; bccMise the seventh of f 
is -^y and 4 times -J- of f = 4 times -^ or •^. 

ii. Multiply 1 J by 2f ^jr. ff = S^. 

iii. Multiply f hy 1| i4fw. |f =x l^f. 

iv. Multiply i of 2 by ^ Ans. ■^. 

T. Multiply 1| by f of 4 ^«*. |f = 3^. 

] Similar questions may be proposed on any other square. 



Money, Weights, and Measures. 

Fifth Square, Fourth Line. 

i. How much is f of J of Ss.4d.?,...Ans. 6d./, because 
•f- of ^ are -^ ; 3^. 4d. contain 400?., and -^ of 40c?. are 6«^ 

ii. If B pound of cheese cost 7id,j what is ihe value of f 
of ^ of a lb?..,.^nj. id,; because |- of J are -^j and -f^ of 
7\d^ are fcf. 

Ninth Square, Second Line. 

i. What is the ^ of ^ of Bs.?.,.,Ans. 2d. 

ii. 'If the cost of an article amount to 1/. 16^.» what is the 
value of the remainder when the half of one-ninth is taken 
away?.....4n^. II, 14*.; because the i of -J^ is -3^; 1/. 16*. con- 
tains 36*.; the ^^g- of 36*. is 2*. ; then 1^. 16*. — 2*. = 1 1, 14*. 

iii. How many shillings are contained in |- of f of a 
guinea ?..,.Ans. 7*.; because |- of f are -^ or ^9 and the ^ of 
a guinea is 7*. 

The pupil having been taught how to find the value of com- 
pound fractions, he will now be enabled to add and subtract 
such fractions. The solutions of the following questions 
become remarkably simple, if the squares referred to be 
placed before the pupils nOU an enlarged scale. 
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Questions on the Addition and Subtraction 
of Compound Fractions. 

Third Square, Fourth Line. 

i. In twice \ and 3 times the ^ of i, how many twelfths ? 
.,„Ans, W; hecause i contains -^, therefore f will contain 
twice -A^ = -j^ and 3 x :J of J = ^, hence A + "nr = li- 

ii. In the i of ^ and twice the \ of J, how many twelfths ? 

iii. How many twelfths are there in the y of |- and twice ^ 
of ^?....Ans. •^. 

iv. What is the difference between twice the -J^ of J and 
once the i of -1^ ?....Ans. -^. 

Second Square, Third Line. 

i. How many sixths are there in the ^ of ^ and the ^ of 
^ ?,...Ans, •{■. 

ii. How many sixths are there in 4 times the ^ of ^ and 
twice the ^ of \?...Ans. -J-. 

iii. What is the difference in sixths between twice the third 
of ^, and the i of •^?....-4w*. -J-. 

iv. What is the difference between the i of -|- and the \ of 
i ?..,.Ans. Nothing. 

T. How many sixths are 3 times ^, the -^ of |-, and the ^ of 
i?„..Ans. ■^. 

Fifth Square, 'f hird Line. 

i. How many fifteenths are there in twice ^ and 3 times 
the third of -J- ? . . . .Ans . •^. 

ii. How many fifteenths are there in -J^ of j- and twice the 
•J- of \?....Ans, -5^. 

iii. How many fifteenths are there in -J- of |^ and 4 times 
the -y of -J- ?....Ans. -jV* 

iv. How many fifteenths are there in f , f , and twice the 
■J- of \?..„ Ans. -f-J-. 

And so on to any other square. 
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Miscellaneous Questions. 



i. Give a representation upon 
your slates of the ^ of J of \....Ans, 
The line e d cuts off the \ of the 
square or unit ; a h divides each third 
into two equal parts, so that the space 
a e represents the \ of \y and finally 
c ^ is one of the four parts into jvhich 
a e is divided, that is, c^ is the \ of 
\ of \i which is obviously equal to the ^ part of the whole 
square or unit. 

Divide this rod so as to represent the ^ of ^ of f . 
Cut this apple so as to represent f of ^ of f . 



9 



u. 



m. 



SEVENTH EXERCISE. 



Multiplication hy Mixed Numbers^ ami 
Division of Fractions. 

The first column of this exercise shows how fractions may 
be resolved into parts of other fractions; and the second 
column exhibits the reproduction of the original fraction. The 
former operation is equivalent to the division of one fraction 
by another ; the latter enables the pupil to perform the multi- 
plication of a fraction by a mixed number. 

The processes of this exercise are performed with the aid 
of both Boards of Fractions. 
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I. On the .Board of Sin/yfle Fractions. 

It will be observed that the present exercise is similar in 
form to that of the Fourth Exercise in .Book I. 

Line of Thirds. 
JResolution of T%irds into parts of %^ and cdwiMrs9Uf* 



\ is the half of f 
f are once f 

-| are once f and the half of f 
^ are twice* f 

|- are twice f and the i of f 
&c. 



The half of lis -f 
iOnce f are f 
Once f and i of f are | 
Twice -I are 4 
Twice f and J of f are. -J 
&c. 



Resolution of Thirds into parts qf^y and conversehf. 



\ is the third of f 
I are twice the third off 
I are once f 
^ are once |- and J of -f 
•| are once f and twice i of |- 
&c. 






i of -2- is 4- 
Twice \ of f are f 
Once I- are | 
Once "I and ^ of f are ^ 
Once |- and twice i of f are f 
&c. 



Resolution of Thirds into parts of^, and conversely. 

The J off is :^ 

Twitse the i of f are I ' 



\ is the- fourth of f 
-| are twice i of f 
|- are 3 times -}- of f 
f are once f 

•| are once f and the ^ of f 
4 are once f and twice i of -f 
&c. 



3 times :^ of f are f 
Onee f are f 
•Once f and i of 4 are -f 
Once 4 and twice f of f are -f 
&c. 



And so on to the resolution of thirds into f, f' 'I' f ' ^^« 
and conversely. 



MUBTIPLrCArriOK AND mvisioK. 123 



Questions on the Seventh OSxercifle. 

On the Board of Simple Fractiam. 

Line of Halves. 

i. Once f and the ^ of ^ Ans. ^ or 2. 

ii* 3 times |^' and -the •)• 6F-|.....il9M. 8. 
iii. •}- contain how many-times f? ....^n^. '2|- times ;'becau8e 
■J- are twice f and the •|-t)f f . 

Line of Thirds. 

i. 'How many two-thirds can be taken out of |-?...,iln*. 
3j- times ; because ^ are 3 times -|'and the i of f . 

^ ii. 3 times f and the half of ^ Ans. ^ or 4f. 

ui. 3 times -f and twice the ^ of -f Ans. -^ or 5f . 

Line of Fourths. 

i. 3 times -f- and 3 times the -J- of |- Ans^-^ or 4-J-. 

ii. How many three-fourths can be taken out of ^?.... 
Ans, f are contained 3|- times in -^ ; because -y- are 3 times i 
and twioe the \- 6f j-. 

Line of Fifths. 

i; Twice -f and the | of f -4n». -f- or I. 

ii. -How many times f are •^■'?....itfii9.:2^ tunes ; 'because 
j- are twice |- and the •}■ of f. 

Similar questions may be given on the other lines. 



F 2 
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Miscellaneous Questions. 

i. Multiply •{- by l\.....Ans. •{-• 

Proof. Once i and i of |^ are -{- and j- = f- 

ii. Multiply \ by 2^ Ans. ^ or 6. 

Proof. Twice -J and i of f are J^ and f = J^ or 6. 

iii. Multiply •}■ by H Ans. f. 

iv. Multiply ^ by If Ans. ^f- = 2|. 

Proof J of 4 are twice y = f; and therefore once -f and 
twice the third of | are ^ + |^ = J^. 

V. What is the product of V^ by 2| ?..„Ans. V = 6. 
Proof Twice J/ and the | of V^ are V- + I = ^ or 6. 
vi. What is the product of J by 3f ?....^«. -y-. 
Proof Three times J and twice the -J of J are J + J = Jji, 

vii. Multiply the i of J by 1-^ Ans. 4 = 1-. 

Proof i of f = f ; and once f and the third of f- are 

▼iii. Resolve -^ into parts of •|*....^n^. ^ are 3 times f 
and twice •}■ of •!• 



II. On the Board of Compound Fractions. 

The mode of proceeding with this exercise on the Com- 
pound Board, may be illustrated by the following example : 

Fourth Square, Second Line. 

Suppose the annexed figure to represent 
a unit divided into halves by a vertical 
line, and into fourths by horizontal lines. 
By placing one pointer along the line a 5, 
and the other along the line c dj the teacher 
will mark out the space ah c d^h^ which 
it is shown that *' -}■ are once \ and 3 times 
J of |-," and conversely, **once \ and 3 
times j^ofiare|." 
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JResolution of Eighths into parts ofi, and conversely.. 



•J- is the i of ^ 
I" are once J 
f are once i and 1 of ^ 
4- are twice i 
■f- are twice i and i of J 
&c. 



The i of i is i 

Once i are f 

Once i and J of i are f 

Twice 4^ are f 

Twice i and J of i^ are f 



Resolution of Eighths into parts of^f and conversely. 




Theiof Jisi 
Twice J of 1^ are f 
3 times J of J are f 
Once ^ are ^ 
Once J and i of f are | 
Once f and twice i of f are f 
Once f and 3x J of |^ are |^ 
&c. 



Resolution of Eighths into parts ofi, and conversely. 



4 is i of J 



I are twice ^ of J 

|- are 3 times ^ of J 

f are 4 X ^ of J 

I are 5 X ^ of f 

|- are once j- 

\ are once J and i- of J 

I are once J and twice ^ of J 



ioffisi 



Twice ^ of J are \ 

3 times -y of J are f 

4 X ^ of J are f 

5 X ^ of f are f 
Once J are -J 

Once J and ^ of } are ^ 
Once i and twice ^ of J are |^ 
&c. 



&c. 

And so on to steps beginning with 
i-isioff I iof^isi 



i is A off 

iis^Voff 
&c. 



I T^ofiisi 



T^of Jisi 
&c. 
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Snoiution ofEigMunUo parf» of ^. and ooinwrMi^. 



■J are twice j^ of -J ' 
f are 3 times ^ of -^^ 
|- are once ^ 
-| are onoe |- and j- of i 
i are once J and twice i of J 
&c. &c. 



Jof Jisi 
Twice i of|-are-| 
3 times -}"0f ^ are i. 
Once ^ are 4 
Once ^ and ^ of i are {■ 
Once i and twice J of J^are f 
&c. &c. 



Alid so on as before to the steps beginning with 
iisioff I ioflisi 

^is-Jjoff I iVoffisi 

lis^Vofi I iVoffisi 

&c. I &c. 

In the same way we may exhibit the resolution and* com- 
position of any number of fourths and halves, and the same 
principle will apply to any square taken on any other line. 



By this exercise we are taught to perform multiplication 
by another process^ which shows that the result is the 
same whether we multiply ^ by 3^ according to the common 
acceptation of multiplication, or multiply these quantities 
together in the form of fractions, as explained in the preceding 
exercise ; thus 3i times -1=3 x |- and J of f =^ : in the other 
case 3}=|„ and ^ of -1= Y ^^ h which result is the same 
as that obtained by the first process. 

The division of fractions is here deduced by a process 
somewhat indirect, but the method of ratios employed in the 
succeeding exercise, will, it is believed, be found more general 
and practical. The multiplication of fractions can, in most 
cases, be better performed by reducing the mixed number to 
the form of an improper fraction, and then proceeding as in 
the sixth exercise. 
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Questions on the Seventh Exercise. 

On the Board of Compound Fractions. 

Fourth JSfqufflre, Third lAixe. 

i.. "What is the product of -J by I-^ ?\...Ahs. -^ = ^. 

ii. What is the product of \ by l^?....Ans. -3^. 
JProqf. Twice the third of ^ are twice -j^^ = -5^ ; once ^ 
is -^ ; and onc6 J and twice the third of 'J are x j + rr = it* 

ill. Multiply f by I'i Am. {^ = h 

Proof. Once f and the :J^ of -I are -ff or -f . 

iv. How many tsEalfths are there in once ^ and 3* times 
the fourth of \?...,Ans, ■^, 

Proof, Once ^ are -j^, 3 x i of ^ = -^; and therefore 
A and ^ = T^. 

V. Resolve -^ into parts of f ?„„Ans. -^ are once f and 



* off. 



Third Square, Second Line. 

L Multijdy ^hy 2i^,.,.A»s^ |^. 
Profff. Tmod ^ and the -i: of i are -f^. 
ii. How many siiD^s- are there in 3-1^ times ^ ?,„.An9, ^ ; 
3 times I-' and the third; of -J are ■§. and -J-isc -^• 

iii. How many sixths are there in 2-1^ times ^?..,.Ans. -^-^ 
iv. How many sixths are there in 3' times -| and twice the 
third of'l ?.„.Ans. Y. 

V. Resolve |:. into j,,.„Ans. -J are opce |- and twice the 
third of i. 

vi. Resolve f into parts of. j^,,^,..AnSf, i are once f and 
twice the -J- of f. 

vii. How many times f are there contained in ^?....Ans. 
■^ are twice f and 3 times i of f , that is, 2f times f are ^. 

viii. How many thirds can you take out of J^?,...Ans. 2^, 
because ^ are twice \ and the ^ of \. 
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ix. How many sixths are there in ^ ?....Ans. 8 ; because 
^ contains •}-, and therefore ^ will contain 4 times f or |-. 

X. How many two-thirds can you take out of ^ ?„.,Ans. 
2^; because -J are twice f and the J of J. 

Second Square^ Fifth Line. 

i. How. many times are -^ contained in i?..„Ans, Once 
and \ times ; because 7 are once -^ and twice the \ of -^. 

ii. Three times f and -J- of f Ans, ^ or 4f . 

iii. How many seven-tenths can you take out of 1 ?...,Ans. 
Once and -f- times; because \ are once -^ and 3 times the 
I of A. 



EIGHTH EXERCISE. 



Batioa of Fractional Numbers. 

The preceding exercises having been properly taught, the 
pupil will have learnt, that we add, subtract, and repeat frac- 
tional units, in the same manner as we add, subtract, and 
repeat simple units. It will now be shown that we find the 
ratio of any two groups of fractional units in the same manner 
as in the Fifth Exercise of Book I. was found the ratio of any 
two groups of simple units. 

It will be convenient to divide the subject of fractional 
ratios into two cases: 1st, When two fractions are given to 
find their ratio ; and 2nd, When a given fraction is a given ratio 
of a fraction required. The two Boards of Fractions will be 
used in succession in illustrating each case. 
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Case I. When two fractions are given, to find 

their ratio. 

On the Board of Simple fractions. 

As an illustration of the mode of proceeding with the fol- 
lowing tables, suppose the teacher is about to exhibit the ratio 
of -I to any other number tof thirds. When the teacher places 
one of his pointers upon 5 -thirds; the pupils say, "5-thirds 
are 5 times -j^;*' without removing this pointer, the teacher 
places another pointer upon f ; the pupils then say, " f are 
twice \y 5 times \ are 5 times the half of twice \.** Still 
keeping the first pointer in its place, the teacher removes the 
secpnd to 3-third8; the pupils then say, **-| are 3 times \f 5 
times \ are 5 times the third of 3 times -J-,'' and so on. 

In order that the principle may be thoroughly understood, 
the teacher may, occasionally, propose such questions as the 
following: 

Teacher. What have you just proved in reference to -f ? 
PupiL That \ are 5 times the third of -1. 

Teacher. Why? 

Pupil. Because the third of f , which is -1^, repeated 5 times 
produces \. 

Line of Halves. 

Ratio of \ to any given number of halves. 
\ is the half of twice \ or •{-. 
^ is the third of 3 times ^ or -|. 
\ is the fourth of 4 times \ or 4« 
And so on. 



Ratio of |- to any given number of halves. 
\ are twice ^*. 
f are 3 times \. Twice \ are twice the third of 3 times \. 
4 are 4 times \, Twice \ are twice the fourth of 4 times J. 
|- are 5 times \. Twice \ are twice the fifth of 5 times \, 

And so on. 

* In some cases the teacher may find it necessary, at every suc- 
cessive ratioy to repeat the decomposition given at the head of each 
table. F 3 
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iRntio of |- to any.gi^en ninnberofihitlves, 
•I are ^ >tiines i, . 
\ are twice \, 3 times \ are 3 times the half of twice -J-. 
\ are 4 times \, '3 times \ are '3 times the fourth of 4 times \. 
\ • are 6 'times ^. 3 'times \ are '3 times the (fifth' of 5 times- \, 

And'soon. 



Hatio of l^.to any .given number of .haUes. 
I^.are 4 times ^. 
|-.arertwice ^. A times ^.are 4 times the half of twice \. 
f axe 3 times i. 4 times \ are 4 times the l^icdoof 3 times jjr. 

And so on* 



The teacher may then go on to exhibit the ratio of ^ f, J, 
I", J, &c., to any given nuixLber of halves. 

Although the foregoing tables will always give us the ratio 
of any two fractions, yet it is evident that this ratio will not 
be in the lowest terms when the numerators of the fractions 
compared contain a common factor ; the following form is con- 
structed to obviate this objection. A few examples will suffice 
to show the features of the method. 



Reduction of Baiios. 

Xfine of Halves. 

Katio of l^to the. multiples off. 
•f-:are twieef. 
!> are the half of twice- 1:. 
•}- are 3 times f* 
f are the third of 3 times \. 
■^ are 4 times f. 
|- are the fourth of 4 times f . 
And so on. 



Hatioiof 4 to the multiples of -|. 
^ are twice -f- 
4 are the half, of twice ^. 
•^ are 3 times .4. 
•I are the third of 3 times f. 
And so on. 
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RtattO'Of)!^ to the multiple of 4.. 
^ are twiee;-|» 
1^ are. 3'^iii0&>|t* Twice f- are inice the third of 3 timflB t^. 
-^ aaDB:4 titteftf^ Ttrioef are twice the:£bttrthioi£4 times-f,. 

And* SO' oik 



Katio of •{■ to the multiples of -|. 
•{■ are 3 times -|. 
f are twice |-« 3 times f are 3 times the half of twice f. 
•^ are 4 times ^, 3 times |- are 3 times the fourth of 4 times I*. 

And so on. 

And saon to other comhioationsi 



Third Line; 

Ratio of one-third to any numher of thirds. 
^ is the half of twice -J- or -I* 
^ is the third of 3 times \ or -|. 
■J- is the fourth of 4 times \ or -I* 
■| is the fifth of 5 times \ or -f. 
And so on. 



Ratio of f • to any * numher of thirdi . 
•| are twice \. Twice -^ are twice the half of twice -J-. 
•| are 3 times \. Twice \ are twice the third of 3 • times ^. 
4 are 4 times \, Twice -l^are twice the fourth of 4 times -J* 
f are 5 times -1^.. Twice ^ are twice the fifth of '5 times -|^. 

And so on. 



Ratio of 1^ to any numher of thirds. 
% are' 3' times -^. 
I are twice -J. 3 times \ are 3' times the half of Iwice -J. 
f are 3 times f . 3 times \ are 3 times the third of 3 times •^. 
4 are 4 times ^. 3 times \ are 3 times the fourth of 4 times -J. 
I are 5 times \. 3 times ^ are 3 times the fifth, of 5 times -|^. 

And so on. 
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Ratio of 4 to any number of thirds. 
4 are 4 times •^. 
|- are twice \, 4 times -I- are 4 times the half of twice -|^. 
f-.are 3 times -1^. 4 times -1^ are 4 times the third of 3 times -|. 
4 are 4 times \, 4 times -J- are 4 times the fourth of 4 times -}-. 
•| are 5 times ^. 4 times -I- are 4 times the fifth of 5 times \, 

And so on. 



Ratio of -I to any number of thirds. 
■| are 5 times \. 
■| are twi«e •}-. 5 times \ are 5 times the half of twice •^. 
^ are 3 times \, 5 times \ are 5 times the third of 3 times ■}-. 
^ are 4 times \. 5 times \ are 5 times the fourth of 4 times -1^. 
•| are 5 times \, 5 times \ are 5 times the fifth of 5 times \. 
•| are 6 times -I-. 5 times -^ are 5 times the sixth of 6 times •^. 

And so on. 



And so on to the ratio of -|y -J^, -|> to any given number 
of thirds. 



Third Line, or Line of Thirds. 

Ratio of -| to the multiples of f . 
•| are twice f . -I are the half of twice f . 
•| are 3 times -|. -I are the third of 3 times f • 
•| are 4 times f. \ are the fourth of 4 times f. 

And so on. 



Ratio of 4 to the multiples of f . 
4 are twice f , Twice f are twice the half of twice f . 
•| are 3 times f . Twice -I are twice the third of 3 times -1. 
•| are 4 times -1. Twice |- are twice the fourth of 4 times |-, 
■^ are 5 times f • Twice -| are twice the fifth of 5 times \» 

And so on. 
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Ratio of -I to tbe multiples of f . 
^ are 3 times -1. 3 times \ are 3 times the third of 3 times f 
-| are 4 times -|. 3 times -f are 3 times the fourth of 4 times f . 
J^ are 5 times f. 3 times f are 3 times the fifth of 5 times -|. 
^ are 6 times •!• 3 times \ are 3 times the sixth of 6 times f . 

And so on. 



Ratio of -I to the multiples of -f. 
^ are twice ^. Twice ^ are twice the half of twice ^. 
-^ are 3 times ^. Twice ^ are twice the third of 3 times ^. 
-^ are 4 times ^. Twice ^ are twice the fourth of 4 times ^. 
^ are 5 times f . Twice f are twice the fifth of 5 times ^. 

And so on. 



Ratio of -^ to any multiples of -f. 

-^ are 4 times -f- 

•^ are twice -|. 4 times |^ are 4 times the half of twice |^. 

•^ are 3 times -f. 4 times -I are 4 times the third of 3 times f . 

^ are 4 times f. 4 times -| are 4 times the fourth of 4 times -|. 

And so on. 



Proceeding in this way the ratio of any multiples of -Jy |, 
^^, &c., is determined. 



Fourth Line^ or Line of Fourths. 

Ratio of i to any number of fourths. 
^ is the half of twice i or ^. 
J is the third of 3 times j- or f . 
^ is the fourth of 4 times i or f . 
\ is the fifth of 5 times ^ or f. 
And so on. 



Ratio of -J to any number of fourths. 
J are twice i. 
J are 3 times J. Twice J are twice the third of 3 times i. 
^ are 4 times ^. ' Twice ^ are twice the fourth of 4 times ^. 
f are 5 times :J^. Twice ^ are twice the fifth of 5 times J. 
J are 6 times |^. Twice J are twice the sixth of 6 times ^. 

And so on. 
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.Ratio of I" to any number of fourths, 
f-are Sttmos^ 
^ are twico'^. 3 tiouHr^ areS tiin» Che half of:tM4ce j>. 
} ara 3>times i. 3itime&^^ are 3 timefrtiie third^if'S 'times ^. 
^ are 4 times ^ 3 times^are 3 time»'thefourthiof 4<time9:ji. 
j- are 5 times ^. 3 times •}' afne*3 times the fifth of 5 times ^. 

Aud'so^xm* 



Ratio of ^ to any number of fourths. 

^ are 4 times J. 

^ are twice :J-. 4 times J are 4 times the half of twice i* 

f are 3 times i, 4 times ^ are 4 times the third of 3 times ^. 

^ are 4 times ^ 4 times. ^ aFe:4<times the fourth of 4 times ^. 

are 5 times ^. 4 times: :}•• are4'time8^the fifth of 5 times |>. 

And satoD.. 



In the same manner the teacher may proceed to exhibit the 
ratio of ^, ^, j-» &c., to any number of fourths. As in the p]»- 
ceding lines we have the following forms for the reduction of 
the ratios : 

Fourth Line^ or Line of Fourths. 

Ratio of i to the multiples of f . 
J are twice J, J are the half of twice f . 
4 are 3' times f. f are the third of 3 times J. 
•y- are 4 times J. J are the fourth of 4 times f . 

And so on. 



Ratio of J tothe nmitiples of f . 
^ are ts^oe f . 
f are 3 times*! . Twice f are twice die third of 3- times-}. 
•^ are 4 times f . Twice f are twice the fburth of 4 times f . 
•^ are 5* times f. Twice j- are twice the fifth' of d times* f. 

And' so on« 



RATIOS OV FBAOTIONAL Nt7MB£BS. 135 

And^o on to the. ratio of ^ ^, -^, ^Src., to the multiples of 
}. As a general illustration of the method the ratio t)f ^ to 
the multiples. of ^ may he ^von. 

■^ are 3 times ^. 
.^•are twtee }• 3 times f are'Sttimesthethirdof 3 times |. 
-^ are 4 times |-. 3 times ^ are 3 times the fourth of 4 times f . 
^ ftr« 5 times |^. 3 'times -f- are 3 times the -^fth . of 5 < times ^, 
^ are 6 times ^. 3 times f are 3 times tiie sixth- of 6 'times j^. 

And so on. 



Questions on Case T. 
\0n the Board tff Simple Fractions, 

Second Line^ orXine of Halves^ 

i. What is the ratio of i to ^?.„.Ans, i ts the fifth 
off 

ix. What iflitfae ratio of f to 4 ?..,.Ans» 3 times the fifth, 
iii. What part of 1 is H?....Ans. 3 times the half. 
Proof, H are f , 1 is 4» f fti*e 3 times i, f are twice i, 
3 times i are 3 times.the half of twice |-. 

Third Line, or Line of Thirds, 
i. What is the ratio of -J to ^?....Ans, \ is the sixth of |.. 
ii. What part of -f is ■|?....-47i*. Twice the fifth. 
Proof. "I are 5 times J, f are twice ^, twice i are twice 
the fifth of 5 times \. 

iii. What is the ratio of -I to ^?....Ans, -f are twice f . 

■iv. How many times are f contained in 5\?...,Ans, 4 
times. 

Proof, 5\ are J^, -^.are 4. times ^. 

w. What is the. ratio of -^ to 8?....^n^, J^ are twice the 
third of 8. 

Proof, 8 are ^, ^ are 3 times |, -^ are twice -|> twice f 
are twice the third of 3 times <|* 
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Ti. What is the ratio of -I to ^?.„.Ans> -| are twice the 
third of ^. 

Proof. -I are twice -f , ^ are 3 times ^9 twice ^ are twice 
the third of 3 times ^. 

vii. What is the ratio of -^ to ^?..,.Ans. -^ are 5 times 
the half of f . 

Proof. ^ are 5 times -I, 4 ^^^ twice f-, 5 times f are 
5 times the half of twice f . 

Fourth Line^ or Line of Fourths. 

i. What is the ratio of J to i?....Ans. i is the fifth of J. 
ii. What is the ratio of f to i?....Ans. 5, times the third. 
Proof J are 5 times J, J are 3 times J, 5 times J are 
5 times the third of 3 times ^. 

iii. What part of -J is i?....Ans. -J is the third of JJ-. 

iv. What is the ratio of 1-J- to ^?....Ans. Twice the third. 
Proof, H are f or ^ J are twice J, -J are 3 times J, twice 
} are twice the third of 3 times f . 

V. Determine the ratio of ^ of I" to 3 J Ans. -5^. 

Proof, i of i is J, 3:^ are ^y }^ is the thirteenth of ^. 

Fifth Line, or Line of Fifths. 

1. What part of |- is ^?....Ans. Twice the third. 

Proof f are 3 times -J-, ■§• are twice -J-, twice -J- are twice 
the third of 3 times \. 

ii. What is the ratio of -J- to -^ ?..,.Ans. 3 times the half. 

Proof ■{- are 3 times |-, ^ are twice f, 3 times f are 3 
times the half of twice •§-. 

iii. What is the ratio of 2^ to H?..,.Ans. 11 times the 
sixth . 

Proof 2\ are -V^^ H are 79 -V^ are 11 times the sixth 

of *. 

iv. What part of 3|. is 1| ?• .-^*- The third part. 

Proof ,3f are ^, H are f, V" are 3 times f, i is the 
third of 3 times f . 
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Money, Weights, and Measures. 

Second Line, or Line of Halves. 
i. If ^ a yard of cloth cost 4^., what will f yards cost? 

Proof, f are 3 times i, the cost of ^ is 4*. ; therefore the 
cost off will be 3 times 4.^. or 12^. 

ii. What will be the amount of f of a gallon of beer, 
when 1 gallon amounts to 2s.?....Ans. 5s. 

Proof, 1 gallon contains -f, f are 5 times the half of -|, 
the cost of |- is 2s.; therefore the cost of -f, which are 5 times 
the \ of -|, will be 5 times the half of 2s,, the half of 2s. is 
1^.; and 5 times the half of 29. are 5 times 1^. or os. 

iii. If 1 j- yarUs of lace cost Bd,, what must I giye for 2f 
yards ?....^n«. Is.Zd. 

Proof li are f, 2f are f, f are 5 times the third off; 
then as f cost 9d.y f, which are 5 times the third of f , will cost 
5 times the third of 9d,; the third of 9d. is Zd., and 5 times 
the third of 9d* are 5 times Bd. or I5d. si 1^. Sd. 

Third Line, or Line of Thirds. 

i. What is the value of 3 lb. of tea, when f lb. cost 2^. ?.... 
Ans. ISs. 

Proof. 3 are f , f are 9 times f ; then as the cost of f is 
2s.,\Yie cost of f , which are 9 times f, will be 9 times 2^. 
or 18*. 

ii. What is the cost of 41b. of sugar, when If lbs. cost 
ls.6d,?....Ans. 4s. 6d. 

Proof 4 are V*' H ^^^ i' V* ^^^ ^ times f ; then as the 
cost of f is 1*. 6d.f die cost of -^, which is 3 times f , will be 
3 times Is. 6d» or 4*. 6d^ 

iii. What is the cost of 2f yards of cloth, when If yards 
cost lSs.?....Ans. 11.6s. 

Proof 2f are f , If = f , f are twice f ; then as the cost 
off is 13*., the cost of f, which is twice f, will be twice 13*. 
or 26*. = 1/. 6s. 
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Fourtii*-Iine, or Line of Fourths. 

i. If 1 yard of cloth cost 1 2; ., what is the cost of f yards ? 
»...Ans. 9s. 

Proi^ 1' isf) f ai» 3 times «the fourth of ^y the cost of 
1 is 12^.; therefore the cost off, which are 3 times the fourth 
of 1, will be 3 time»^ the fourth of 12^, the fourth of \2s, is 
3^., and 3 times the fourth of' 1^.- are* 3 times Zs* or 9^ 

ii. If 1 Flemish dil of oloth cost- 15^., what must be given 
for 1 English ell ?....^n^ H. 5^. 

JProof^ 1 Flemish ell contains J yard,. 1 English ell f 
yard; \ are 5 times the third of f ; then as the cost of f is 
15^., the cost of |, whiofa are 5 times the third off, will be 5 
times the third of 15^$; the third of I'd^. is 5#., and! 5 times 
the'- third' of ld#. are 5- times. 69. or 25^^ s? U. 5t^. 

iii. If 2f lbs. of sugar cost 2«. 3(/., what is the cost of 1 lb«? 

Proof. 2f are f ; 1 is f , f are 4 times the ninth of J-; then 
the cost of J being 2i?. 3(C?., the cost of ^, which is 4 times the 
ninth of f, will be 4 times the ninth of 29, Zd,, 4 Umes the 
ninth of 21 d, are 4 times Zd. or 12c?. = 1*. 

iv. If the f of 2^ lbs. of tobacco icost. 3^; M.y what is the 
value of 5 lbs.?...,^ii^. 12«. Qd. 

Proof, 2 J are f , twice the third of f are twice |- or f , 
5 are -2^ ; -^ are 10 times J, f are 3 times f , 10 timesf are 
10 times the third of 3 times f; then, as the cost of f is 3«« 9d^ 
the cost of -2^, which are 10 times the third of f , will be 
10 times the third of 3^. 9c?., the third of 3£. 9d. is 1«. 3c?. and 
10 times the third of 3^ . 9c?. are 10 times 1; . 3c?. or 12«. Qd* 



In the preceding exercise it has been assumed that the 
fractions, whose ratio is to be determined, are given in* the 
same denominator, or that they have been brought into that 
form by the process given in the fifth exercise. Although* 
for all practical purposes, this may be deemed sufficient, it 
will still'be found instnictiye,. in. some cases,. to give the entire 
process of demonstration, as in the following table: 
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Case I., contimied. 

On the Bi)ard of Gompaund FrwuMtms. 

Third Squai^a^ iKourth Line. 

Ratio of i to any given- number of thirds. 
j^iB 3 times -^ 
•^ 18 4 times •^. 3 times -^ are 3 times the fourth of 4 times -j^* 
•I-' are 8 times -^. . 3 times -|^ are 3 times the eighth of 8 times -j^. 
^ axe 16 timefr-^ 3 limes ^ are 3 times the. sixteenth of 1-6 
times •^. 

And so on. 



Ratio of i to any given number of thirds. 
^ are 6 times -|^. 
\ is 4 times -^. 6 times -^ are 6 times the fourth of 4 times •^. 
f are 8 times -5^. 6 times -^ are 6 times the eighth of 8 times -3^. 

And so on. 



Ratio of J to any given number of thirds. 

J are 9 times -^. 

^ is 4 times ^. 9 times -^ are 9 times the fourth of 4 times •^. 

■f are 8 times ^. 9 times -^ are 9 times the eighth of 8 times ■^. 

And so on. v 



And so on to the ratio of f , f , f , i, &c. 
On this square also the ratio of thirds to fourths may be 



exhibited. 



Fifth Square, Second Line.. 

Ratio- of ^ to any given number of fifths* 

|- is 5 times '^, 

^ is twice -^. 5 times -^ are 5 times the half of twice- •^. 

l^are 4 times -^. 5 timea^are 5^timea the fourth of 4 times -^. 

^ AndsO'On* 
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Ratio of •}- to any given number of fifths. 

i are 10 times -^. 

\ is twice -^. 10 times -^ are 10 times the half of twice i^^. 

f are 4 limes ^. 10 times -^ are 10 times the fourth of 4 

times ^. 

And so on. 



Ratio of -| to any given number of fifths. 

•f are 15 times ■^. 

•^ is twice 1^. 15 times -^ are 15 times the half of twice •^. 

|- are 4 times •^. 15 times -^ are 15 times the fourth of 4 



times ^ 



Tff* 

{- are 6 times 3^. 15 times -^ are 15 times the sixth of 6 

1 

TTT' 

And so on. 



times -^ 



And so on to the ratio of f, -f, -f^, 4> ^^' 

The ratio of fifths to halves may also be exhibited on this 
square. 

In like manner the teacher may proceed with any other 
square upon the board. 



Questions on Case I., continued. 

On the Board of Compound Fractions. 

Third Square^ Fourth Line. 

i. What is the ratio between j- and -1^ ?....Ans. j- is 3 times 
the fourth of \. 

Proof. ^ is 3 times 1V9 i ^^ ^ times -^^ 3 times ^ are 3 
times the fourth of 4 times -|V* 

ii. Compare -I with j- Ans. i are 8 times the ninth of f . 

Proof, \ are 8 times -^^ f are 9 times 1^, 8 times -^ are 
8 times the ninth of 9 times 1^. 
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iii, j- are how many times -I ?..,.Ans. 15 times the eighth. 
Proof, i are 15 times -|^, \ are 8 times i^, 15 times -|^ 
are 15 times the eighth of 8 times -j^. 

Second Square^ Fifth Line. 

i. How many fifths are there contained in •{- ?,„.Ans, 7^ 
fifths. 

Proof. T is twice -^^ f are 15 times -^^ 15 times -^ are 
15 times the half of twice -]^. 

ii. What part of i is f?..,.Ans. f are 8 times the fifth 
of i. 

Proof. . -|- is 5 times -^, -^ are 8 times -^^ 8 times -^ are 
8 times the fifth of 5 times -^. 

iii. 2|- are how many times \l„„Ans. 25 times the 
fonrth. 

Proof, ^\ are 25 times -^, \ are 4 times -^^ 25 times -^ 
are 25 times the fourth of 4 times -^^ 

And so on to other squares. 



Miscellaneous Questions. 

i. What is the ratio of f to ^?,..,Ans. Twice the seventh. 

ii. What is the ratio of |- to \^l,„.An», j- are the half 
of \\. 

iii. What part of f is ^?....^n*. The third. 

iy. What is the ratio of -J- to {- ?...../lnj. 6 times the 
seventh. 

V. Determine the ratio of f of f to {- Ans, 4 times the 

seventh. 

Proof Twice the third of -j- are twice {■ or f , f are 4 
times \y -}- are 7 times ^, 4 times •}• are 4 times the seventh of 
7 times •)-. 

vi. What part of ^ is the \ of |?..,.-4w. Twice the 
seventh. 

Proof \oi\ are |-, \ are twice the seventh of ^, 
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▼ii. Compare 'f and -| Ans. f, are 'the Iburth of'-|. 

viii. Wbat is*ihe ratio of i to'^2J ?...,Am/Tmce the ninth. 
Proof, i is J, 2 J are 1^, J are twice the ninth 6f J. 

ix. What is the ratio of ^ of -J^to |- ?,,,,Ans. -J-c 
Proof, i of i is -J-, -J- is the fifth of |-. 

X. Compare I- and -J- 2ku. ^is ^' times f. 

Proof. -J- is ■§■, f are 3 times -J-. 

xL Compare -|^ and •}-..... ^nj. -^ is ^ times the third 

of*. 

Proof 7 are ^ i^ U -^^ -^ are 5= times the third of r^. 

xii. What part of 2^ is the ^ of i ?....Ans. The tenth. 

Ptoqf The i of -^Aaiy 2^ are 4 or ^9 jf is. tfae^. tenth 
of J^. 

xiii. Compare 2^ with l^-a.-..^^^. 7 times the third.. 

Proof. 2f are -2^, l-J- are f, J^ are 7 times •}-> f are 3 time£k-§> 
7 times -g- are 7 times the third. (^ 3 times •{•. 

xiv. If |- of a yard cost 6s.f what muM I give *for |- 
yard?....-4n*. 4s, 

Proof ■§■ are twice the third of ^; then if 6s, are given for 
|- yards, twice the third of 6«. must he given for -J; the third 
of 6s, is 2*., and twice the third of 6s, are twice 2*. or 4s, 

XV. If -J- lb. cost 6^. what will aj-lha. cost ?....-4n*. 
5s, 5d. 

Proof, 2\ are f or -i^ ; J^ are 10 times ^ ; therefore'the 
cost Of -^ will be 10 times "^d, or bs, 5d, 

xvi. What is the cost of 2-J- ozs. of silver if J of an 02. 
cost 3*. 9d, ?.,..Ans. I0s,7id. 

Proof. 2-l'are ^, i are •}, ^ are 1 7 times the sixth- of |- ; 
then if the cost of |- be 3s, 9d, or 45d,y the cost of -^, which 
arie 17 times the sixth of |;, will be 17 times the sixt^( of 45</.; 
the sixth of 45d. is 7id,, and 17 times 7id, are 127:|<;^.=s 
I0s.,7id. 

xvii. Find the price of 4^1b8. of tea, when |-lbs. neoet 
7d.....Ans, I9s, lOd. 

Proof 4i are -^ or ^, -^ are 34 times -I-.; then if .the 
cost of \ be 7c?., the cost of ^, which are 34 times ^ will be 
34 times 7d. or 2Z8d. 3= I9s. lOd. 
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xviii. A person possesses f of |^ of a ship, and -| of his 
share is worth 360/., what is the worth of the whole ship p^it 
Ans, 810/. 

Proof, i of 1^ are -J, and ;| of f are ^, ^ therefore is sold 
for 360/. ; and ^ will be worth the fourth of 360/. = 90/. ; 
and ^y or the whole ship, will be wjorth 9 times 90/. = 810/. 



Case II. When a given Fraction is a given part 
• of a Fraction required. 

Example. Of what fraction is f five times the seventh 
part?....^7w. \f. 

The principle involved in this case^of ratios differs so little 
from that of the preceding case, that a few illustrations will 
suffice to exhibit the form of the exercise. 



On the Board of ISinvple Fractions. 

Line of Halves. 

Ratio of l^ to any number of halves. 

i is the half of twice i or f 
^ is the third v£ 3 times 1 or |- 
\' is the ifouirth of 4 times -J-, or 4 
And so- on. 

Hatio off to any number of halves, 
f are twice ^ 
Twice f are twice the third of 3 times -J or |- 
Twice f are twice the fourth of 4 times f or 4^ 
Twice i are twice the fifth of 5 times ^ or |- 

And so on. 



Batio of f to any number of halves. 
|- are. 3 times j- 
.8 times 7 are 3 times the half of twipe ^ or^* 
3 times i are 3 times the third of 3 times ^ or | 
3 times -J- are 3 times theiburth of 4 times ^ or f- 

And>soon. 



Then foUowsthe ratio- of 4» "§•» -yj &c. 
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Reduction of Ratios. 

Line of Halves. 

Ratio of 4 to any multiples of f . 
4 are twice -f 
Twice f are twice the third of 3 times f or f 
Twice |- are twice the fourth of 4 times f or -^ 
Twice |- are twice the fifth of 5 times |- Or -y- 

Andso on. 



Ratio of -I to any multiples of f . 
•I are 3 times f 
3 times f are 3 times the half of twice f or -f^ 
3 times f are 3 times the third of f or f 
3 times f are 3 times the fourth of 4 times f or J/- 

And so on. 



And so on to the ratio of ^^, ^, ^y &c., to any multiples 
off. 

Ratio of ^ to any multiples of |. 
•^ are twice •(• 
Twice f are twice the third of 3 times f or -^ 
Twice •{• are twice the fourth of 4 times 4 or -V^ 
Twice -f- are twice the fifth of 5 times f or -y 

And so on. 



Ratio of J/- to any multiples of f . 
•^ are 3 times •(• 
3 times f are 3 times the half of twice f or -^ 
3 times •{• are 3 times the third of 3 times -| or ■!/■ 
3 times f are 3 times the fourth of 4 times f or -^^ 

And so on. 



And so on to any other ratios. 
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Line of Thirds. 



Katio of ^ to any nnmber of thirds. 
•)■ is the half of twioe -J^ or -| 
i is the third of 3 thnes >!• or f- 
i is the fourth df 4 times j^ or -^ 
And so on. 



Ratio of f to any number of thirds. 



f are twice \ 



Twice \ are twice the third Of 3 times ^^ or |. 
Twice ^ are twice the fourth of 4 times ■J^^'or f 
Twice J are twice the fifth of 5 times 4^ or 4 

3 3 

And so on. 



Then follows the ratio of f , f , 4^, &c., to any number of 
thirds. 



Line of Thirds. 



Ratio of -I to any multiples of -|. 
4> are twice •§• 
Twice I are twice the -third of 3 times -I or 4 
Twice -| are twice the fourth of 4 times -| or -I 
Twice -I are twice the fifth of 5 times |. or ^ 

And so on. 



Ratio of f to any multiples of f . 
■| are 3 times f 
3 times | are 3 times the half of twice | or f 
3 times f are 3 times the third of 3 times |.'*or f 
3 times f are 3 times the fourth of 4^times| or | 

And so on. 



Then follows the ratio of |, J^, J^, &c.,'to any] multiples 
ofl. • 
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Ratio of -^ to any multiples of f . 

^ are twice |- 

Twice |- are twice the third of 3 times -f or -^ 

Twice I" are twice the fourth of 4 times -J or -^ 

Twice -f are twice the fifth of 5 times -| or -^ 

And so on. 



Ratio of -^ to any multiples of |- 
-^ are 3 times -| 
3 times -| are 3 times the half of twice •§- or -^ 
3 times -I are 3 times the third of 3 times -f or -^ 
3 times ^ are 3 times the fourth of 4 times -| or -^ 

And so on. 



Then follows the ratio of ^, ^, &c., to any multiples of |. 
And so on to any other ratios. 



Besides giving the ratio of fractions^ this exercise furnishes 
a demonstrative method for effecting the division qfjrac' 
tions. When the divisor is greater than the dividend, it 
cannot he said, without some modification of language, that the 
one quantity is contained in the other. To avoid this diffi- 
culty it may, however, be said, without any impropriety, that 
the one is contained in the other a certain fraction of once. 

The tiiost general definition of division is, that the quotient, 
or result, multiplied by the divisor, is equal to the dividend. 
For example, the quotient of f divided by •}- must be a quan- 
tity, which multiplied by -f. will give f ; or ■§- X quotient = f ; 
that is, f is twice the fifth of the quotient or number required ; 
the -J- of the quotient, therefore, will be the half of f , and the 
quotient itself will be 5 times the half of f , or f of J. Hence 
we observe, that to divide one fraction hy another ^ we must 
invert the divisor and then proceed as in Multiplication* For 
instance, to divide -H* ^7 "i" ^^ ^^^ same thing as finding a 
number of which -J^ is the -J- part ; the operation of which, by 
the exercise, is as follows : \^ are 7 times ^, 7 times /j- ar^ 
7 times the eighth of 8 times /j. or \^, 
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Questions on Case II. 

On the Board of Simple Fractions. 

Line of Halves. 

i. |- are 3 times the fourth of what nmaher ?....Ans. 2. 

Proof, 3 times i are 3 times the fourth of 4 times J or 4» 
4 are 2 whole numbers. 

ii. |- are 3 times the fifth of what number ?....^n;. -^ 
= 7f 

Proof, f are 3 times |-, 3 times f are 3 times the fifth 
of 5 times f or -^ = 7-J-. 

Line of Thirds. 

i. -I are twice the fifth of what number ?....Ans. -| = 1|^. 
Proof, -I are twice -|^, twice \ are twice the fifth of 5 times 



^ or 4 = n. 



ii. -| are 3 times the fourth of what number ?..„Ans. ^ 

— *2^ 

— ^T- 

Proof -J are 3 times -f, 3 times f are 3 times the fourth 
of 4 times | or | = 2f . 

iii. -^ are 3 times the half of what number ?....-47w. -^ 

Proof -y. are 3 times ■!» 3 times -I are 3 tim^s the half 
of twice -I or -1^ = 3\. 

iv. ^ are twice the fifth of what number ?..,.^n*. -^ 

Proof ^ are twice -|, twice ^ are twice the fifth of 5 
times I or Y = 8|. 

Line of Fourths. 

i. J is the third of what number ?...,Ans. }. 
Proof i is the third of 3 times i or J. 

ii. J are 3 times the seventh of what number ?....^n*. 

Proof i are 3 times J, 3 times J are 3 times the seventh 

of 7 times i or J = If. 

O 2 



146 OK FRACTIONS. EIGHTH EXERCISE. 

iii. ^ are 5 times the half of what number ?....^n«. |^= 1^, 

Proof, ^ are 6 times f , 5 times ^ are 5 times the half 
of twice J or 1^ = 1 J. 

iv. J are 3 times the fifth of what number ? . . . . Ans, ^■= 3}. 

Proof. \ are 3 times f > 3 times f are 3 times the fifth 
of 5 times f or V- = 3J- 



Case n., continued. 

On <Ac Board of Compound Fractions. 

Third Square, Second Line. 

Ratio of i to any number of thirds. 
|- is 3 times -}■ 
3 times •} are 3 times the half of twice -J- or •}- 

8 times ^ are 3 times the fourth of 4 times 7 or -| 
3 times \ are 3 times the sixth of 6 times ^ or 1 

3 times •!> are 3 times Uie eighth of 8 times ^ or 1-)- 

And so on. 

Ratio of |- to any number of thirds. 
|- are 6 times •}- 
6 times •}- are 6 times the half of twice 7 or -|- 
6 times •}- are 6 times the fourth of 4 times ^ or |- 
6 times ^ are 6 times the sixth of 6 times ^ or 1 
6 times \ are 6 times the eighth of 8 times ^ or -f 

And so on. 

Ratio of f to any number of thirds. 
, "I are 9 times -J- 

9 times -J- are 9 times the half of twice 7 or -|^ 

9 times ^ are 9 times the fourth of 4 times 7 or -f 
9 times •}■ are 9 times the sixth of 6 times 7 or 1 

And so on. 

And SO on to the ratio of 4> h h ^^*> ^^ ^^7 number of 
thirds. 
^ This square also exhibits the ratio of thirds to halves. 

Any other square may be treated in a similar manner. 
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[Questions on Case II., eontinuedL 

On the Board of Compound Fraetions. 
Third Square^ Second Line. 

i« •)■ is 3 times the fourth of what number ?....Ans. f . 
Proof, ihZ times -J-, 3 times •}- are 3 times the fourth of 
4 times ^ or f . 

ii. |- are 9 times the fourth of what number ?.,..Ans, f . 
Proof. 7 are 9 times •}•, 9 times ^ are 9 times the fourth 
of 4 times ^ or f . 

Fifth Square, Third Line, 

1* ^h 3 times the fourth of what quantity ?..„Aim. -f^. 
Proof •}- is 3 times 1^, 3 times -^ are 3 times the fourth 
of 4 times -^ or -^. 

ii. f are 5 times the sixth of "what quantity ?....^n». yf 



Proof f are 5 times -^, 5 times -^ are 5 times the sixth 
of 6 times -^ or ^, -f{- are f . 

iii. |- are 5 times the ninth of what quantity ?..,.Ans, 2f • 
^otf, ^ are 5 times -^9 5 times -{^ are 5 times the 
nmth of 9 times iV or 4f = 2f. 



Miscellaneous Questions. 

i. Of what fraction is \ the third part ?....4*w. \\. 
Proof. \ is the third of 3 times \ or f = \\. 

. ii. Of what is |- the fourth part ?....-4n*. 2f . 
Proof, f is the fourth of 4 times f or f = 2f • 

iii. |- are 6 times what number ?....^»«. -^ 

Proof •§- are 6 times the sixth of f» the cdxfh of -f- 

iv. f are 5 times what number ?....i4n#. -^. 

Proof f are 5 times the fifth of f , the fifth of f is ^.^ 
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y. Of what number is f, 4 times the third ?....^n^. 1-J-. 
Proof, -f- are 4 times I-, 4 times •§- are 4 times the third 
of 3 times -I or -| = 1-|-. 

vi. 3^ are 4 times the seventh of what number ?....^n«. 6-|- 
Proof, 3^ are ^y •{- are 4 times •{-, 4 times •{- are 4 times 
the seventh of 7 times |- or ^ = Q\, 

vii. 1^ is 3 times the fifth of what number l,.„Ans. 2|^. 
Proof \\ are 4» 4 ^^^ ^ times -^y 3 times ^ are 3 times 
the fifth of 5 times ^ or ^ = ^. 

viii. 2-}- is the fourth of what number '^....Ans, 11^. 
Proof. 2^ are ^, -^^ the fourth of 4 times -2^ or JB^= 1 1 J. 

ix. * Of what is the third of -f-, the fifth part l.„.Ans. If. 
Proof The third of |^ is f , -f- is the fifth of 5 times f or 

10 — 13 

X. Of what number is the |- of 3 the half ?....-4>w. 5}, 
Proof The eighth of 3 is f , and 7 times the eighth of 3 « 
are 7 times -f- or ^y 'r^ is the half of twice -^ or ^ = 6 J. 

xi. 1\ are 5 times what number ?..,..4»w. 1^. 
Proof 7i are Y> V^ are 5 times the fifth of Y> *^e 
fifth of -V^ is I = li. 

xii. 5 times the sixth of 3^ is 6 times what number?.... 

Ans, -f-l* 

Proof 3^ are -J-, the sixth of •}- is ^^ and 5 times the 
sixth of ^ are 5 times -^ or -f^' ir are 6 times the sixth of 
44> the sixth of 14 ^s yf. 

xiii. Of what number is |^ of j-, 3 times the eighth part? 
,.,.Ans* 1. 

Proof -f of j- is f, f are 3 times \, 3 times -}■ are 3 times 
the eighth of 8 times -J- or 1 , 

xiv. The third and fifth of a number is 24; required 
the number Ans. 45. 

Proof i and \ are -f^y that is, -^ of the number required 
is 24; then 24 are 8 times 3, 8 times 3 are 8 times the 
fifteenth of 15 times 3 or 45. 

XV. j- of my property sold for 270/., required the value 
of the whole Ans. 360/. 

Proof. 270 are 3 times 90, 3 times 90 are 3 times the 
fourth of 4 times 90 or 360. 
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xvi. What is the worth of a field, when i o{ I sold for 
180/.?....-4n*. 450/, 

Proof. I" of f = f; then 180 are twice 90, twice 90 are 
twice the fifth of 5 times 90 or 450. Or thus ; as -f is worth 
ISO/., i will be worth the half of 180/., that is, 90/.; and 1 
or j- will be 5 times 90 or 450/. 

xyii. 2 are 3 times \ of what number ?,.„Ans^ ^^=3^, 
Proof. . 2 are 3 times |- ; 3 times |^ are 3 times -}- of 5 times 

xyiii. 5s. are 3 times ^ of what sam?.„.Ans. 6s. Qd. 
Proof. 5 are 3 times -f; 3 times -f are 3 times ^ of 4 times 
I or ^, ^s. = 6|*. = 6*. 8d. 

xiz. •{- of a number is 4 ; what is the number ?....^n^. -^ 

Proof. 4 are 7 times f ; 7 times f are 7 times -^ of 5 times 
^ or -^ = 2-f-. Or thus ; as 7 times -J- of the number required 
= 4; -J- of the number will be the -J- of 4 or f ; and therefore 
the number itself = 5 times f or ^-f-. 



ADDENDA TO THE EIGHTH EXERCISE. 



Division of Fractions. 

1. Division of Whole Numbers by a Fraction,. 

i. Divide 1 by^ Ans. 4, 

Proof. Because 1 = ^; therefore ^ h- |^ = 4. 

ii. Divide 2 by \ Ans. 6. 

i Proof. 2 = 4; therefore | -«- | = 6. 

iii. Divide 1 by f Ans. -J- = 1-^. 

Proof. 1 =:|,and| H- i = 3; therefore | -j- f = the half 
of 3, that is, f . i^ 

iv. Divide 4 by | Ans. ^ = If. 

Proof. 4 = -y-, and^ -i- ^ = 12; therefore -V^-*- 1 = the 
seventh of 1 2, that is, ^ • 
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V. Divide 7 by \,....Ans, 21. 

Proof. Because each unit contains \ three times ; therefore 
7 will contain seven times 8. or 21 thirds. 

vi. How many halves arethere contait^d in 5 ?».,.Ang. 10. 

Because each unit contains 2 halves, and therefore 5 will 
contain 5 times 2 or 10 halves. 

vii. How often will f), then, be contained in 5 ?„„Ans. 
The third of 10 times, or •^. Because |- will be contained 
the third of the number of times which |- is contained in 
the given fraction* 

viii. Divide 5 by -J Ans* 9. 

ix. Divide 3 by 7y -4w*. -^ =: •§-. 

X. Divide 9 by i*,.„An^. ^^ 13J. 

f 

2. Division of a Fraction by a Whole Number. 

i. Divide ^ by 1 Ans, ^ 

Because 1 = f, and -J-.-s- i = 1 ; therefore -J- -f- |^ = the 
third of 1 or \, 

ii. Divide -^ by 4 Ans, -5^. 

Proof, i -^ I = 1, but 4 = ^; therefore ^ -5- ^ = the 

-jig- of 1, that is, -j^. 

iii. Divide i by 5, by another method.,... -4w^. ^. 
Proof Because the quotient x 5 = |^; therefore the 
quotient = -J- of ^, that is, -^^ 

iv. Divide J by 7 Atm, ■^. 

Because f -f- i = 3, but 7 = -y-; therefore i-h^=:the 
twenty-eighth part of 3, that is ^. 

3. Division of a Fraction by a Fraction* 

i. Divide i by J Ans. 2* 

Proof Because jt^h ^^^ therefore J -*- ^ =2 . 

ii. Divide f by -J^ Ams. -^ = 3-|* 

Proof RedociBg the fractions to the same denominator, 

T=»iT T = A» then ^h-^= 10; therefore i^-*- A" = 
the third of 10, or ^. 

iii. Divide f by \, by another method Ans. ^ sk ^f . 

Proof. -J- X quotient = f; therefore quotient =s 4iime8 
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iv. Divide f by ^ Ans. ^. 

Proof, Reducing the fractions to the same denominatori 
i = TT> i = ft* ^"*^ TT ^3 contained in |f , ten times; there- 
fore i^ -*- ii = *^e twenty-first part of 10, that is, |f . 



NINTH EXERCISE. 



Proportion of Fractional Numbers. 

This exercise is intended to show that the relations of 
unity, demonstrated in the Sixth Exercise of Book I. are also 
applicable to fractional units or fractional parts having the 
same name. After what has been proved in that exercise, a 
few illustrations, in each case, will render this truth sufficiently 
obvious. 

This exercise comprises three cases : 1 st. When the second 
term of the proportion is divisible by the first; 2nd. When 
the first term is divisible by the second ; and 3rd. When the 
first and second terms have any ratio. The Board of Simple 
Fractions only is used for the exercises, but a few questions 
appended to the third case are given in connection with the 
Board of Compound Fractions. 



Case I. Whm the second term of the proportion 

is divisible by the first. 

On the Board of Simple Fractions. 

Third Line^ or Line of Thirds. 

•| are twice ^ 
^ is to 2 xi or } as -I is to 2 X| or 4 

4 are twice -I 
|:2x|or4::f:2x|or| 

■| are twice f 
f:2x|or4::4:2xf orf. 
And so on. 

G 3 
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fareSx^ 
i:3xi-orf::|:3x|or4 

f are 3 X I 
|:3xf orf::f:3xf orf 

fare3xf 
f:3xforf::A:3x4ori3^. 
And so on. 



Then follow the tables beginning with ^ are 

5 x ^, &c. 



4 x i, i are 



Fifth Line, or Line of Fifths. 

f are 2 X ^ 
-^:2x|or|::|:2x|orf 

f are2x|- 
f:2xf orf::|:2x|-ori|^ 

f are 2 X f 

|:2xf or|-::i^:2x|.orY- 
And so on. 



|-are3x^ 

^:3xior|-:;f:3xf orV 
4are3x|- 

|:3x|orf::^:3x|orV- 
1^ are 3 X f 

|:3x|or^;:i^-3xYorV- 
And so on. 



Then follow the tables beginning with f are 4 X -J-, •§• are 

5 X |, &c. 



Similar tables may be formed for the proportion of halves, 
fourths, sixths, &c. 
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Second and Fourth Lines^ or Lines of Halves and 

Fourths. 



I" are twice i 
|- is to twice 1 or f : : :J : twice i or 

■4 are twinp J- 



■j- arc bwtce -j 

|- : twice -I or f : : f : twice J or ^ 

|- are twice |- 
f : twice f or 4 - J. twice } or J. 
And so on. 



Y are 3 times •}• 
•J^:3 times i or f :: }:3 times i or f 

•f- are 3 times -f- 
|:3x|or4::J:3xJort 

fare 3x| 
|:3xf orf ::|::3xior J. 
And so on. 



4 are 4 times -^ 
i'Axi or iiii'Axi or i 

•| are 4 times |- 
|:4xf or|::f:4xJor J 

•^ are 4 times f 
•|:4xf or-i^::f :4x J or J^. 
And so on. 



And so on, as before. 



Other combinations of lines may be treated in the same 
manner. 
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Questions on Case L 

Second Line, or Line of Halves. 

i. |-:|-:: 4. : what number ?....^w*. J^=6. 

Proof, f areSxfi therefore|:3xf orf :f4:3x4^orV- 

ii. |. :^:: I-: what number ?....-4n*. i^=6. 

Proof. */ are4xf ; therefore | : 4 X | or ^^::|.:4xf 

orY- 

Second and Third Lines, or Lines of Halves and 

Thirds. 

i. f :f - T ' what number ?....i4w*. -I = 2* 

Proof ^areSxf ; therefore f :3xf or f ::f :3x|or f. 

ii. i: 2i::t : what number ?....i4n*. -^=61. 
Proof. 2i = |, fareSxi; therefore 1 :5 x^ or |::f : 
5x|or^. 



Case IL When the first term of the proportion 

is divisible by the second. 

Third Line, or Line of Thirds, 
i is the i of -I 



f.ioff ori::4:iof4orf 

fareiofi 
i:iofior|::i:iof|or| 

f are i of f 

6 • 1 rk"P 6 nr A •• 8 • i of J. or 4. 

And so on. 



i is the y of f 

3 • 1 nf Jl nr i • • A • 4. of -S. or -i 

I are the \ of % 

f:iof|ori::t:ioff orf. 

And so on. 



And so on, as before. 
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Fifth Line, or Line of Fifths. 

\ is the ^- of -f- 
|-:Jof|ori::f :iof|-or|. 

■| are the i of |^ 
♦ :ioff or|::Y:iof^or| 

■|- are the ^ of f 
|:ioff or|::Y:iof-ij^orf 
And so ou. 



^ is the i of I" 
^:iof|or|::Y:iofi^ori 

f are the i of f 
*:ioff or|::^:iof^ort 

•f- are the -^ of {■ 
*:iof*orf::4^:iof5JiorJ^. 
And so on. 



And so on, as before. 

. V 

Similar tables may be formed for the proportion of halres, 
fourths, sixths, &c. 



Second and Fourth Lines, or Lines of Halves and 

Fourths. 

•J- is the -J- of •§• 
i:iof-|-ori::J:^of|orJ 



^ are the ^ of 4 



4:iof^orf ::A:ioff or J 

|- are the J of f 
■5- . -g- 01 -J- or -g- . . ^ . •§■ 01 -f or -J. 
And so on. 



i is the i of f 
fi^off ori::|:iof|ori 

|- are the ^ of -J 
4:iof|-or|::f:iof|orf 

fare the^of f 

f:ioff or|:::f:ioff orf. 

And so on. 
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•J- is the fourth of ^ 
i:^ of i or i::i:i o£ i or i 

I is the i of I 
|:iof4or|::J::Jof JorJ 

|- are the } of -y- 
-V^:iof^or|-::-y-:iof-y-orf. 
And so on. 



And so on, as before. 



Other combinations of lines may be treated in the same 
manner. 



Questions on Case 11. 

Second Line^ or Line of Halves. 

i. -^ : -j- :: |- : what number ?.,,.Ans. ^ = 2. 
Proof. -J- are ^ of -^i therefore -^^ : ^ of -^ or -J- : : -f : ^ 
of I or f. 

ii. 4^ : f :: -^ : what number ?...,Ans. -f- = 2J. 

Proof, 4|- are |-, f are |- of f ; therefore |- : -J- of f or f 

Third Line, or Line of Thirds. 

i. "V" • f • • i • what number ?....Ans. -I- 
. Proof. \ are i of J^; therefore J^ : I of ^ : : | : i of 
lorf. 

ii. -^ : f : : 6| : what number ?..,.Ans, 4 = H* 
Proof 6| are -^, | are | of ^; therefore ^ : i of Y" or 
i::^:iof^orf 

Fourth Line, or Line of Fourths. 

i. J : J : : -^ : what number ?..,.Ans, -J- = If. 

Proof J are i of f; therefore f : ^ of f or J : : ^ : J of 

ii. 2J : J : : 3f : what number ?....-4nj. -J = IJ. 
Proof 2i are f, } are ^ of J; therefore f : i of f or 
f:: V :iofV or f . 
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Second and Third Lines, or Lines of Halves and 

Thirds. 

i. T : 1 5 : -y- : what number ?...,-4n*. -f = If. 
Proof, i is i of |- ; therefore f : ^ of f or ^ : : -^ : ^ of 
V-orf. 

ii. A\ i\\ i:l\i what number ?„„Ans, \=z2\. 

Whole Numbers and Fifths. 

i. 9 : 3 : : |- : what number ?.„.Ans% f. 
Proof. 3 are \ of 9; therefore 9 : | of 9 : : f : i of | or f . 
ii. 16 : 4 : : -| : what number ?....-4n*. \, 
Proof 4 are ^ of 16; therefore 16 : j^ of 16 or 4 : : | : J 
ofiorf. 



Case IIL When the first ^and second terms have 

any ratio. 

Third Line, or Line of Thirds. 

Where the ratio is 5 X ^. 
4 are 5 X J of I 

|:5xiof|or4::f :6xioff orJ^ 
Y are 5 x^ of 4 

f : 5 Xi of I or i^::-! : 5 x| of I or i/. 
■V- are 5 x^ of I 

4:5xiof|orJ^::|:5xiof|orY. 

Aud so on. 



And so on to any other ratio. 
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Third and Fifth Lines, or Lines of Thirds and Fifths. 

I are 5x^of | 
|:5xiof|or|::|:5xiof|or| 

Yare5x|of f 
i :5 x\ of i or ^::i: 5x\ of i or ^ 

J^ are 5 X I of I 
1 : 5 xi of f or V- :: f : 5xi of f or ^. 

And so on. 



And so on to any other ratio. 



The preceding tables are constructed to find the fourth 
term of a proportion when three terms are given ; but if two 
fractions be given to find their proportion, the following form 
may be used with advantage. 

f are 3 X ^ of 1^ 
3 are 3 X ^ of 2 

fare3x|off 
3are 3x|^of 2 



l^are 3x^of | 
3 are 3xiof 2 

6 •0 . . o . o 

And so on. 



The form of these tables may be varied, to suit particular 
questions. For instance, 2 : 2-^ :: -| : what number ?.... In this 
case 2^ are once 2 and the i of 2, and 2 : once 2^and ^ of 
2 :: "I : once -| and J of f, that is, -^. Again, y : i :: -J- is to 
what number?.... Here i is the ^ of i; and'then, 

*:iofior}::|:iofior-j3^. 
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Questions on Case III. 

On the Board of Simple Fractions. 

Third Line, or Line of Thirds, 

i. •{• : If : ; 2|' : what xtumber 7. ...Ant, ^ ss 6f • 
JProof. I| = |,.|are5 X iof|; therefore | : 5 X i of f 
or f : : -1 : 5 x i off or -^ 

ii. *3f : 2^ : : ii^ : what numher 7. ...Ant. ^^7. 
iii. "I : V" • • 7 • what number ?....Ans. ^ = 17-|-. 

Seventh Line, or Line of Sevenths. 

i. What proportion does j- bear to ^?..,Ans, 2 to 3. 
Proof. ^ are 3 X ^ of f , 3 are 3 X ^ of 2; therefore 
f : f :: 2 : 3. 

ii. What proportion does ^ bear to 2\7....Ans. I to 3. 

iii. What proportion does ^ bear to ^?...Ans. 3 to 4. 

iv. What proportion does -f bear to 2^?....Ans. 2 to 5. 

V. What proportion does 1 bear to •§■ ?...Ans. 7 to 9. 



On the Board of Compound Fraotions. 

Second Line, Third Square. 

i. f : i :: 4 • what number 7...Ans. f = 1. 
Proof I are 4^, I is f , f are 3 X ^ of ^\ therefore ^ : 3 
X i of f or f : : f : 3 X :}: of f or f . 

ii. 1 : i : : f : what number ?....-4w5. f . 
iii. 2" • i • • T • what number 7....Ans. f . 
iv. -J^ : f : : 1 : what number 7. ...Arts* f = 2f . 
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Miscellaneous Questions, 

i. f is to {- as f is to "what number ?..,.Ans. f. 
Proof. |- are twice f ; therefore f : twice f or |- : : |- : twice 
I or f • 

ii. -^ : |- : : -^ : an unknown number ?....^n^. f. 
Proof, i are J of -y-; therefore -y- : J of -y- or f : : ^ : ^ 
of ^ or f . 

iii. T : i :: -f- : what number ?,...Ans. -f- or 1-f. 
Proof. "I are ^ or 3 times f . Hence ^ : 3 X f : : ^ : 3 x 
forf 

iv. 4 • i • • "V" • ^^** number ?.„.Ans. ^ 

V. 1*^ : -y^ : : "I : an unknown number ?...,Ans, ^ or 2 J. 

yi. -^ : -f : : j-l : an unknown number ?..,.Ans. -^ = ■^. 

vii. What number has the same proportion to -f that \ has 
to ^?.,,,Ans. 2. 

viii. y : -37 • • TT • ^^*^ number ?....-4n*. -J. 

ix. H : 7 : : 1-| : what number ?....-<4n^. -J. 

X. i : i : : -9-7- - ^^^t number ?,„.Ans, ^. 

xi. f : f : : if : an unknown number ?....Ans. \^. 

Proof i are i|, J are -^j ^ are 15 x ^ of i|; there- 
fore ^ •• 15 X^ofi4orii::i4:15 X^of-Hor||. 

xii. 7 : f : : f : what number ?....Ans. -f^. 
Proof J is f, f are 3 x J of f ; f : 3 X ^^ of f or | ^: 
t:3 X J of for ■^, 

xiii. f : j- : : 8 : what number ?.„.Ans. 12. 
xiv. i • T *' i ' what number ?.,„Ans. ■^■^. 
XV- i 5 "I : : -^ : what number ?..,.^n*. ^. 
xvi. If : 2^ : : 2^ : what number ?..,.Ans. -V" ^^^^ 2f •. 
xvii. 7-J- : 1 : : 9f : what number ?....^n^. fj- or 1-^. 
xviii. 8 : 4 : : f : what number ?....Ans. f. 
Proo/: 4 are I of 8; therefore 8 : i of 8 or 4 : : J : | of 
|orf. 
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xix. 4 : 6 : : |- : what number ?....Ans. 1. 
Proof. 6 are 3 X ^ of 4; therefore 4 : 3 X | of 4 or 6 : : 
I : 3 X |of |or 1, 

XX. ■}- of I- : an unknown number :: 2 : 8 Ans. 1. 

xxi. What proportion does 3^ bear to ^ ?..„Ans. 21 to 2« 



Questions on Money, Weights, and 

Measures. 

i. If 15 yards cost 7^. Gd., what is the amount of 1^ yards ? 

Proof. 15 = ^, and H = f, f are -^ of y, 7*. 6d. are 
90 pence ; hence ^ : ^ of ^ : ; 900?. : -^ of 900?. or 9d. 

ii. If 20 yards cost 15^., what is the price of If yards ? 
....Ans. Is. Sd. 

iii. If 3f yards cost 3^. dd., what is the price of {- of a 
yard?....-4n^. 7\d. 

iv. If 2\ yards cost 1/. 10*., what is the cost of J of a 
yard?....-4n#. 9*. 

T. If goods be bought for 7-^^. and sold for 9d., what 
is the gain upon 60^. worth of the same goods ?..,.An9. 12/. 

Proof. 7 id. taken from 9d. leaves 1-|^. for the gain on 
l^d. ; hence 7-j^ : 1^ : : 60/. : the gain required, but 7^ = 

Yj and H = |, f are the i of Y ; ^ence JjjK. : | of V" or t 
:: 60/. : I of 60/. or 12/. 

yi. If on a shilling I gain Sd., what do I gain per cent. ? 
.„.Ans. 25/. 

vii; A ton of tallow cost 20/., and was sold for 22/. 10*., 
how much per cent, was gained ?....Ans. 12^ per cent. 

viii. If I buy cloves for 6s. Sd. per lb., and sell them for 
6s., how much per cent, is lost ?,„.Ans. 41. 

ix. If 7 lbs. cost 3*. 6c/., how much will 17|- lbs. cost ?.... 
Ans. 8s. 9d. 
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X. If 6 men working for 9 days earn 41^ how xauch 
would 3 men earn in 12 days at the same rate of wages ? 
,,„Ans. 21, 13^. 4c^. 

Proof. 6 men working for 9 days produce 54 days* work, 
3 men for 12 days produce 36 days' work, 36 are 2 X •}■ of 54; 
therefore 56 : 2 x | of 56 or 36 : : 4/. : 2 X -^ of 4/. or |/. ; 
|/. =:2|/.= 2/. 13j.4(/. 

xi. A cistern can be filled by 3 pipes : by the first in 2 
hours, by the second in 3 hours, and by the third in 4 hours ; 
in what time will the cistern be filled, when tho 3 pipes are 
opened at once ?....Ans, W hours. 

Proof, As the first pipe would evidently fill \ the cistern 
in 1 hour ; the second \ part in 1 hour ; and the third \ part 
in 1 hour; they must, together, fill -J- 4- t 4- i part in 1 
hour, that is, -J-| in 1 hour : from this it follows that the -^ 
of the cistern may be filled in -^V of an hour, and therefore 
-14} or the whole, in 12 times -^ of an hour, or ^ hours* 

xii. How much tea at 6«. per lb. must be given for 40 pairs 
of stockings, at 2«. per pair?....^7z«. 13-|^lbs. 

Proof. 6 are 3 times 2, that is, a lb. of tea costs 3 times 
the price of a pair of stockings ; therefore, the number of lbs. of 
tea to be given will equal \ the number of pairs of stockings ; 
that is, i of 40 is ^ = 13^. Or we have by proportion, 
6 : ^ of 6 or 2 : : 40 : ^ of 40 or ^. 

xiii» A and B commenced trade with 200/., of which A 
advanced 150/. and B the remainder; they gained 40/.; 
required each man's share of the profit ?.... Ans* A's share s= 
30/., and B's share s 10/. 

Proof 150/. are 3 X i of 200/., that is, A's money is f 
of the whole ; but each man's share of the profit must be in pro- 
portion to his share of the principal ; therefore A's share of 
the profit will be f of 40/. = 30/«, and therefore 'B's share 
= 40/.- 30/. = 10/. 



165 



TENTH EXERCISE. 



Square and Solid Measv/te, 

Vs this exercise, duodecimals or cross multiplication, will be 
considered to belong to the subject of fractions. In the first part 
of the exercise the pupil is shown, how a square unit is formed 
from a lineal one ; and the latter part shows how to obtain the 
prodact of two quantities, not expressed in the same lineal unit. 

In teaching this exercise, a table of square measure will 
be found useful. This table is supposed to represent a square 
foot divided into 144-parts representing square inches. 
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One square foot contains 144 square inches. 



1 in. by 1 in. contains 1 sq. in. 
1 in. by 2 in. contains 2 sq. in. 
1 in. by 3 in. contains 3 sq. in. 
1 in. by 4 in. contains 4 sq. in. 
And so on. 



1 in. by 1 in. contains 1 sq. in. 

2 in. by 1 in. contain 2 sq. in. 

3 in. by 1 in. contain 3 sq. in. 

4 in. by 1 in. contain 4 sq. in. 

And so on. 



2 in. by 1 in. contain 2 sq. in. 
2 in. by 2 in. contain 4 sq. in. 
2 in. by 3 in. contain 6 sq. in. 
2 in. by 4 in. contain 8 sq. in. 
And so on. 



1 in. by 2 in. contains 2 sq. in. 

2 in. by 2 in. contain 4 sq. in. 

3 in. by 2 in. contain 6 sq. in. 

4 in. by 2 in. contain 8 sq. in. 

And so on. 



3 in. by 1 ia. contain 3 sq. in. 
3 in. by 2 in. contain 6 sq. in. 
3 in. by 3 in. contain 9l sq. in. 
3 in. by 4 in. contain 12 sq. in. 
And so on. 



1 in. by 3 in. contains 3 sq. in. 

2 in. by 3 in. contain G sq. in. 

3 in. by 3 in. contain 9 sq. in. 

4 in. by 3 in. contain 12 sq. in. 

And so on. 



4 in. by 1 in. contain 4 sq. in. 
4 in. by 2 in. contain 8 sq. in. 
4 in. by 3 in. contain 12 sq. in. 
4 in. by 4 in. contain 16 sq. in. 
And so on. 



1 in. by 4 in. contains 4 sq. in. 

2 in. by 4 in. contain 8 sq. in. 

3 in. by 4 in. contain 12 sq. in. 

4 in. by 4 in. contain 16 sq. in. 

And so on. 



And so on. 

In the same manner it may be shown that feet by feet 
produce square feet, yards by yards produce square yards, &c. 
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In the preceding table feet by inches, or inches by feet, are 
shown to produce twelfths of feet : 

12 sq. inches are 1 twelfth of a | 1 twelfth of a sq.foot contains 12 
sq. foot. , I sq. inches. 



1 ft. by 1 in. contains 1 twelfth of 
a sq. ft. 

1 ft. by 2 in. contains 2 ditto 

1 ft. by 3 in. contains 3 ditto ^ 

1 ft. by 4 in. contains 4 ditto 

And so on. 



1 in. by 1ft. contains 1 twelfth of 

a sq. ft. 

2 in. by 1 ft. contain 2 ditto 

3 in. by 1 ft. contain 3 ditto 

4 in. by 1 ft. contain 4 ditto 

And so on. 



2 ft. by 1 in. contain 2 twelfths of I 1 in. by 2 ft. contains 2 twelfths 



a sq. ft. 
2 ft. by 2 in. contain 4 ditto 
2 ft. by 3 in. contain 6 ditto 
2 ft. by 4 in. contain 8 ditto 
! And so on. 



of a sq. ft. 

2 in. by 2 ft. contain 4 ditto 

3 in. by 2 ft. contain 6 ditto 

4 in. by 2 ft. contain 8 ditto 

And so on. 



3 ft. by 1 in. contain 3 twelfths of 
a sq. ft. 

3 ft. by 2 in. contain 6 ditto 

3 ft. by 3 in. contain 9 ditto 

3 ft. by 4 iD. contain 12 ditto 

And so on. 



1 in. by 3 ft. contains 3 twelfths 

of a sq. ft. 

2 in. by 3 ft. contain 6 ditto 

3 in. by 3 ft. contain 9 ditto 

4 in. by 3 ft. contain 12 ditto 

And so on. 



And so on. 
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Questions on Square Measure. 

In proposing the following questions, the teacher is recom- 
mended to place before the class the figure, upon which each 
question is given. 

i. How many square feet are contained in 200 square 
inches ?....Ans. 1 square foot and b6 square inches. 

ii. How many square inches are contained in a surface 
which measures 3 inches by 5 inches "i.^^Ans. 15 square 
inches. 

Proof. 3 in. by 1 in. contain 3 square in.; therefore 3 in. 
by 5 in. will contain 5 times 3 square in., that is, 15 square in. 

iii. How many square feet are contained in a surface 
which measures 4 feet by 3 feet ?....-4n*. 12 square ft. 

iv. What amount of surface is contained by a rectangle, 
whose length is 2 ft. and breadth 5 inches ?....^n^. 10 twelfths 
of a square ft. 

Proof, 1 ft. by 5 in. contains 5 twelfths ; and therefore 2 ft. 
by 6 in. will contain twice 5 twelfths or 10 twelfths. 

V. What is the superficial area of a deal board 2 feet 
by 1 1 inches ?....^»^. 1 square foot and 10 twelfths of a square 
foot. 

Proof 1 ft. by 1 1 inches contains 1 1 twelfths ; and there- 
fore 2 ft. by 11 inches, contain twice 1 1 twelfths or 22 twelfths, 
22 twelfths are 1 square ft. and 10 twelfths of a square ft. 

yi. The length of a desk is 10 ft., the breadth 2 ft. 3 in., 
what is its surface l^^Ans. 22 square ft. and 6 twelfths. 

Proof , 10ft. by 2 ft. contain 20 square ft., 10ft. by 3 in. 
contain 30 twelfths, or 2 square ft. and 6 twelfths ; then 20 
square ft. + 2 square ft. and 6 twelfths = 22 square ft. and 6 
twelfths. 

vii. 10 in. by 4 ft. 2 in Ans. 3 square ft. 5 twelfths and 

8 square inches. 

Proof 10 in. by 2 in. contain 20 square in., or 1 twelfth 
and 8 sq. in.; 10 in. by 4ft. contain 40 twelfths or 3 square 
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feet and 4 twelfths ; then 3 square ft. and 4 twelfths + 
1 twelfth and 8 square in. = 3 square ft., 5 twelfths, and 
8 square in. 

viii. The length of a door is 6 feet, and the breadth 3 ft. 
5 in., what would it cost at the rate of U. 6d, per square ft. ? 
,...Ans. llAOs.dd. 

Proof. 6 ft. by 3 ft. 5 in. contain 20 square ft. and 6 
twelfths; then 20 square ft. at 1^. 6d, = IL lOs.; 6 twelfths 
are -|- of a square foot, i of Is. 6d, is 9(/.; therefore the cost 
would be II, lOs. 9d, 

ix. The school yard is 20 feet long by 12 ft. 3 in. broad, 
what would be the value of the pavement at Is, per square 
foot ?....^nj. 12/. 5^. 

X. What would be the cost of flooring a room 21 feet long 
by 15 feet broad, at 6s, per square yard ?....-4»w. 10/. 10*. 

Proof, 21 ft. = 7 yards, 15 ft. =: 5 yards, 7 yards by 
5 yards, contain 35 square yards, then 35 at 6s, = 10/. 10*. 

xi. Prove by a figure that 1 square yard contains 9 square 
feet. 

xii. Represent the product of 2 feet 3 in. by 3 feet Ans* 

The space ah c d represents the product of 2 feet by 3 feet 
= 6 square feet : c d ef the product of 3 in. by 3 ft. = 9 
twelfths, so that the whole rectangle a h ef which is 2 ft. 3 in, 
by 3 ft. =: 6 square ft. and 9 twelfths. 
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ON FflACTIONS. TBMTH EXERCISE. 



xiii. Give a representation of the product of 2 feet 4 in. 

bj d ft. 5 in Am, The space abed represents the product 

of 2 ft. 4 in. by 3 ft. = 6 sq. ft. and 12 twelfths = 7 sq. ft. ; 
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n a m c the product of 2 ft. 4 in. bj 5 in. s;= 10 twelfths and 20 
sq^ in. =z 11 twelfths and 8 sq. in. ; and the whole rectangle 
nhmdy which is 2 ft. 4 in. by 3jt« & in. = 7 sq. ft. 1 1 twelfths 
and 8 sq. in. 

xiv. What is the i^?ea of a board whose length is 3 ft. 
2 in. and breadth 2 ft. 5 in. ?„.,Ans, 7 sq. ft. 7 twelfths and 
10 sq. in. 

Proof. 3 ft. 2 in. by 2 ft. ^ 6 sq. ft. and 4 twelfths; 3 ft. 
2 in. by 5 in. = 15 twelfths and 10 sq. in. ::9: 1 sq. ft.S twelfths 
and 10 sq. in. ; and therefore the whole area will be 7 sq. ft. 
7 twelfths and 10 sq* tn. 



jSOLID MEASURS. 



171 



Questions on Solid Measure. 

In proposing the following questions, it is desirable that 
some of the more important solids should be placed before the 

class. 

i. A rectangular block is 5 in. by 3 in. in the base, and 
8 in. long, how many inch cubes oould be cut out of it ?.... 
Ans. 120. 




Proof. The base contains 15 sq. in. ; and if the block 
were an inch in height it would contain exactly 15 inch cubes, 
so that in every inch of length there' would be 15 inch cubes; 
therefore for 8 inches in length we have 8 x 15, or 120 inch 
cubes. 

ii. How many cubic inches are contained in a cubic foot ? 
....Ans, 1728 cubic inches make one cubic foot. 

Proof. The base of the cube being 12 in. by 12 in., 
contains 144 sq. in., so that each section of an inch in height 
contains 144 inch cubes; and therefore 12 inches in height 
contains 12 times 144, or 1728 inch cubes. 

Hi. How many foot cubes are contained in a cube whose 
side is a yard ?....Ans, 27 cubic feet make one cubic yard. 

Proof. The base of the cube being 3 ft. by 3 ft., contains. 
9 sq. ft. ; if the solid were a foo^ high, it would contain 9 foot 
cubes ; and therefore when the solid is 3 fl. high, it contains 
3 times 9, or 27 foot cubes. 
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iv. The base of a block of stone is 2 ft. by 3 ft., and the 
length 5 ft. ; how many cubic feet does it contain ?.,..Ans, 30 
cubic ft. 

Proof. The area of the base contains 6 sq. ft., which, 
multiplied by the length, gives 30 cubic ft. for the contents of 
the solid. 

. V. The base is 2 in. by 5 in., and the height 4 feet; 
required the solid contents Ans. 480 cubic inches. 

Proof, The base contains 10 sq. in. ; 4 feet s= 48 inches ; 
then 10 sq. in. X 48 in*. = 480 cubic inches. 

yi. How many cubic yards are contained in a catting of 
earth 10 ft. by 9 ft. in the base, and 12 ft. high ?....Ans. 40 
cubic yards. ' 

Proof. The area of the base is 90 sq.ft. ; and the solid 
contents = 90sq. ft. X 12 = 1080 cubic ft. ; but 1 cubic yd* 
contains 27 cubic ft. ; therefore the twenty-seventh part of 
1080 = 40 cubic yards. 

vii. What is the cost of a log of timber 20 ft. long, and 

1 ft. 6 in. by 1 ft. in the end or section, at Is. 6d. per cubic 
foot ?....Ans. 21. 5s. 

. Proof. The area of the end= 1 ft. 6 jn. by 1 ft. = 1 sq. 
ft. and 6 twelfths = H sq* ft. ; and the solid contents =1^ 
X 20 = 30 cubic ft. ; tljen 30 at 1*. 6d. = 2/. 5*. 

viii. What is the cost of a block of marble 6 feet long, 

2 ft. broad, and 6 in. thick, at 6s. 6d. per cubic foot?.... 
Ans. IL I9s. 

ix. What is the weight of a rectangular block of stone, 
10 feet long, 4 feet broad, and 2 feet thick, when 1 cubic foot 
weighs 130 lbs. ?....-4n^. 10,400 lbs. 

Proof The solid contents = 4x2 X 10 = 80 cubic 
feet; then 80 times 130 lbs. = 10,400 lbs. 
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